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1/INTRODUCTION

A great variety of thin-walled shells are used in the structures of missile and space
launch hardware, Development of mathematical models of cylindrical launch vehicles,
consequently, requires dynamic analysis of many structures which fall within the
realm of shell theory. A detailed knowledge of the dynamics of a launch vehicle
structure is required for analysis of vehicle stability and control, since the dynamics

of the getructura affanta the moatinon af thae nrimarv anntral alamante and intraducag
A WEIAW Dbl W bUL W RlAVwW VD AV LAV VAULA UL bl HJ. ‘lua‘-.y WULIVA VUL WAIMILLIVLLIVD Ul Lllvl Vauvwo

extraneous signals into the feedback (motion) sensors on the vehicle, Proper evalua-

tion of launch vehicle dynamics thus requires a knowledge of shell dynamics theory,
Primary attention in this monograph is focused on calculation of dynam

parameters which affect stability and control. Emphasis is placed on modes for which

the system frequency falls within the bandwidth of the control system, i.e., below

20 Hz for a large space booster,

The vibrations of thin elastic shells have attracted interest amoung researchers in
the fields of mechanics and acoustics for almost a century. The foundations of thin
elastic shell theory were formulated by Lord Rayleigh(l) and H. Lamb(z), and by the
classical work of A. E. Love(®. The works of S. Timoshenko, while quite brief in the
aspects of shell theory(4), are understandable and up to date. However, neither of his
works discusses any problems in shell dynamics. The work of W. Flﬁgge(a) also con-
tains an excellent collection of shell problems in the aspect of statics. The theoretical
foundations of shell theories can best be obtained in the work of Goldenveizer(?). His
tensorial formulation of the shell equations represents the general case; however, the
applications of shell equations include only static problems.

The basis of modern dynamics of thin-walled shells can be found primarily in papers
published during the last 30 years. The purpose of this monograph is to explain the

essential foundations of thin-walled elastic shells and the basis of theoretical derivations.

The monograph attempts to fill the gap which presently exists between the contents of
dynamics textbooks and recently published literature in the field of shell dynamics and
explain the differences in their treatment of the subject. Examples and problems are
included to demonstrate the use of the theories. Static problems are discussed in some
cases to compare them with the equivalent dynamic problems. In addition, the relation~
ship of shell vibration theory to practical application in the field of missiles and launch
vehicles is described.






2/STATE OF THE ART

Owing to the intrinsic complications of the problem of shell dynamics, the analytical as
well as the experimental results accumulated in technical literature are far from ade~
quate to present a clear picture of the dynamics problem for even a relatively simple
shell configuration. The main difficulty lies not in the formulation of a set of equations
describing the vibrations of the shell but, rather, in the simplification and solution of
these equations. Because the basic assumptions of the equations of thin elastic shells
always introduces some restriction, all the solutions of thin-shell problems contain
some restriction. This is a result of the derivations and hasic assumptions. In other
words, the solutions of shell problems are never as complete as the solutions of theo-
retical elasticity problems. Normally, several simplifying assumptions can be intro-
duced to simplify very complex shell equations and derive a solution which approximates
physical reality and can be handled mathematically.

One of the difficulties encountered in the study of shell theories is the great variety
of assumptions and simplifications applied by different authors. This variation appears
most often in the strain-displacement relationships. A careful study of the individual
problems, however, will easily convince the reader that in most cases the differences
are either not important or do not greatly affect the results in the particular problem
under study. It is necessary to understand the theoretical aspects of the problems so
that one will understand why the assumptions and simplifications applied to one problem
cannot be applied to a different problem. The boundary conditions and the strain-
displacement relations are one example.

As stated previously, this monograph reviews the differences in treatment of the
dynamics problem between several textbooks applicable to the field and attempts to
close the gap between the textbook theories and those contained in recent literature.
The second part of the monograph reviews some of the important and typical papers
published in the field of shell vibration.

2.1 MATHEMATICAL REVIEW OF DIFFERENTIAL GEOMETRY

Since mathematical representations of shell surfaces are made according to the theory
of differential geometry, an understanding of some of the basic theories in this branch
of mathematics is necessary.

The discussion of differential geometry can be separated into two parts: 1) the theory
of space curves, and 2) the theory of surfaces. Note: In the present level of discussion,
the subject of tensor analysis will be excluded.



2.1.1 THEORY OF SPACE CURVES. The mathematical theory of surfaces cannot be
understood without some explanation of space curves. We can define the carves in
space as paths of a point in motion. In three-dimensional space a curve can be repre-
sented by the vector equation (see Figure 2)

r=T@W = x@i + yw + 2k (1)
where T is the radius vector to the curve and u is an arbitrary parameter.

Equation 1 can be expressed in another form,

DS I S (u) @)
where
i=1, 2, 3and ‘xi expresses the components of the radius vector for T.

2.1.1.1 Tangent to a Space Curve. Figure 1 illustrates the tangent vector to a space
curve of point P.

Figure 1. Tangent Vector to Space Curve

4




We may define the fact that the tangent is the limiting position of a line through P
and a point Q in the given interval of u, where Q = P, by saying that the tangent passes
through two consecutive points on the curve. The equation of tangent T can be expresset
therefore

T =-— = %i+yj+zk (3)

where

2.1.1.2 Arc Length. The arc length of a segment of the curve between points A (u,)
and P (u) can be expressed by the following integral (see Figure 2).

u

u
=22 1/2
s (u) =/ds =f(rr)/du 4)
Ug Ug
where
dr _ ¢
du
d¥ = rdu (5)
and A
ar?= ds? = ¥ rdu? z

Equation 5 can be expressed in the form
ds = ¢ 5% (6)

2.1.1.3 Unit Tangent Vector. In the
case of the parameters, u is equal to the
arc length of s, or u=s. The tangent
vector of the space curve becomes a unit
vector.

T = r(s) Figure 2. Arc Length of a
Space Curve
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Proof of the theory is given below. If

u =8
then

T =T

One can express Equation 6 in the form

d52 = ;f'duz = f‘édsz
Therefore,
Fr o= 1 (8)

The vector f = gf is therefore a unit vector.

Let u be an independent variable, a general parameter, then

~ _dr _dr ds _ —(ds\ _ -

T—E—E'E—t(du)*ttp(u) (9
where:

-~ dr

t = 'ag' (10)

t is the unit tangent vector and ¢ (u) = g—i is a scalar function.

2.1.1.4 Osculating Plane. The tangent was defined previously as the line passing
through two consecutive points of the curve. The osculating plane can be defined as the
plane through three consecutive points, which means the limiting position of a plane
passing through three nearby points of the curve, when two of these points approach the
third (Figure 3).

The equation of the osculating plane can be expressed (see Figure 4) as
- - 2 o
(r - 1'1)(1‘1 X 1‘1) =0 (11)
or

(F-TFq) = ATy +p1g (12)

where A and y are arbitrary constants.



Figure 3. Osculating Plane

OSCULATING PLANE

Figure 4. Osculating Plane Equation



2.1.1.5 Curvature and Principal Normal. The line in the osculating plane at point
P perpendicular to the tangent line is called the principal normal (see Figure 5, points
Py, Py and Pg). A unit vector, n, is placed in its direction, the sense of which may
be arbitrarily selected, provided it is continuous along the curve. I it is assumed
that the arc length is the parameter, ¥ = T(s), one can write '

t.t=1 (13)
where

- dr -1

t a; =r

Differentiating Equation 13 with respect to s,

t.t' =0 (14)

Therefore

LT

.~ SPACE CURVE

A3
OSCULATING

CIRCLE \\,/

- —y
i 2

Figure 5. Principal Normal



-, _dt . - .
Equation 14 shows that the vector t "= i is perpendicular to t, since

and

- ] 2 2
t'=r@)” + ru (15)
where the symbols are defined as

pod
ds

and

The comparison of Equations 15 and 12 shows that t’ lies in the plane of t and T
and, hence, in the osculating plane.

The vector g—;‘ =k, which expresses the rate of change of the tangent, is called the
curvature vector. The curvature vector can be expressed in terms of the normal unit
vector.

k == = Xn (16)

where

The factor % is called curvature. The radius R of the osculating circle can be de-
fined as R = Wl The absolute value of R is the radius of curvature, which is the
radius of the circle passing through three consecutive points of the curve, the
osculating circle.

2.1.1.6 Torsion. The torsion of a curve can be expressed by the rate of change of
the osculating plane. For this purpose the vector binormal, b, was introduced
according to the expression

b = (t x n) (17

Equation 17 shows that the binormal, l_), is perpendicular to the osculating plane.
It also follows that

-1 =0 (18)

Differentiating Equation 18 with respect to s,

b-t+b-t =0 (19)



or
b’t = -b(x@) = 0
Therefore
B L1
and .
1 b
since

Since the unit vectors 7:, n, and b are mutu_ally perpendicular to each other, it fol-
lows that the rate of change of the binormal, b’, has to be parallel with vector #. The
last statement, in mathematical terms, is

b'=— = -7h (20)
where the proportionality factor, T, is called the torsion of the curve.

The torsion, T, can be expressed in the following form

7 = -n(txn’ = -n@xn) = -%[E'X(%):l 21)

Equation 21 can be expressed in the final form.

=i =t

rrr
T=(T—::—) (22)
¥.r
where
.4
ds

2.1.1.7 Formulas of Frenet (Moving Trihedron Along a Curve). The formulas of

moving trihedron will be completed by the equation of rate change of the normal vector,

U
n.

Since

=1

=1
i

-

(23)

=1}
1]
o

10



The derivative of the normal vector, ', can be expressed linearly in terms of t
and b,

=— = qat + Bb (24)

where o and 8 are, so far, undetermined constants. The multiplication of Equation 24
by vectors t and b leads to the determination of the unknown coefficients, & and B.

=]
I

a; =t-n =-n-t' = -n.w -¥
_ _ (25)
@y =b-n’=-f.b"= A-Thn =1
Equation 24 becomes, in the final form,
- dﬁ - -
= e— = — 2
as ¥t + Thb (26)
The formulas of Frenet can be summarized for space curves.
dt -
— = %n
s
da -
P t+7hb (27)
.(i = Tﬁ
ds

Three planes can be associated by the moving trihedron according to Figure 6.

2.1,2 THEORY OF SURFACES. A surface can be expressed as the function of two
independent variables by the following equation.

F = F@v) 28)

where the independent variables are u and v. Let the sphere serve as an example
(see Figure 7).

The equations of a spherical surface are:

X = acos¢ cos6
y = acospsin 0
z = asing

11



RECTIFYING
PLANE

OSCULATING
PLANE

Figure 6. Moving Trihedron

Figure 7. Spherical Surface
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The net of parametric curves was constructed on the surface, keeping first one of
the independent variables constant and then the other one. Figure 8 illustrates the
concept.

At point P the vector I'u is tangent to the curve v = constant, and i"v is tangent to the
curve u = constant.

u = constant

v =constant

Figure §. Net of Parabolic Curves on the Surface

2.1.2.1 First Fundamental Form of Surface. The relation ¢ (u,v) = 0 between the
curvilinear coordinates determines a curve on the surface. Such a curve can also be
given in parametric form.

u = uft) and v = v(t) (29)

The vector (dii: =7 at a point P of the surface, given by

df _3f du  dFdv

(30)

is tangent to the curve and therefore to the surface. Equation 30 can also be expressed
in a form independent of the choice of parameter.

dr = T,du + T.dv (31)

13



The distance of two points P and Q on a curve is found by integrating (see Figure 8)
ds? = df -dF = T, T du? + 2%, Ty dudv + Ty » Ty dv> (32)
u u u-u v v

where dr was expressed according to Equation 31,

The following notations are introduced.

E =r1,-T, F=1,-1, and G =7T,-T, (33)
The elements of the curve are expressed by the symbols of Equation 33.
ds2 = Edu2 + 2Fdudv + de2 (34)

The expression 34 for ds2 is called the first fundamental form of the surface.

The distance between P and Q on the curve u = u(t) and v = v(t) can now be expressed
as follows. :

H jdu\2 dud 2]
u udav v
S —[[E(-a?) +2FE‘EE+G(-&E) ] dt (35)

2.1.2,2 Surface Element. Figure 9 shows the element of a surface area.

The element of a surface area may be expressed as
dA = |r,dux T dv] (36)

Equation 36 can be expressed as
u = constant follows.

dA? = (¥, XT,) @, x T )du?av® (37)

because
v =constant

(T XT3y XTy) = (F,T)(ET)

== \2
- (rurv)

EG - F¢ (38)

]

Figure 9. Surface Area Element

14
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The substitution of Equation 38 into Equation 37 yields finally

dA = (EG - F2)1/2 dudv (39)

The integration of Equation 39 leads to the area of a region on a surface.

A =ff(EG - Fz)l/zdudv : (40)

2.1.2.3 Normal Vector to the Surface. The surface normal is the line at a point P
perpendicular to the tangent plane.

The unit normal based on Figure 10 can be defined as

_ (Tu X Ty — =
Ity X Tl N*
(Ty X Ty)
= 172 (41) —
(EG - F9) Tu
since
o 0 1/2 \———
|rux rvl = (EG-F% (42) u = constant

The explanation of Equation 42 can be

found i ion 38.
ound in Equation 38 Figure 10. Normal Vector to Surface

2.1.2.4 Second Fundamental Form, Euler's Theory. The second fundamental of a
surface expresses the normal curvature of an arbitrary curve on the surface. When
1 is the unit tangent vector of point P on the surface, the curvature vector, l_<, can be
expressed as

Ca 3 Wil

at _ - -
ko= = kgt 43)

where the curvature vector, E, was
decomposed into a component, in,
normal and a component, Eg, tangen-
tial to the surface (see Figure 11).

k

Figure 11. Components of Curvature Vector

15



- The vector kn is called the nornz_al curvature vector and ean be expressed in terms
"of the unit surface normal vector, N.

By = %, o (44)

where %y, is the normal curvature.

‘The scalar %, depends for its sign on the sense of N. The vector k, is called the
tangential curvature vector or geodesic curvature vector. The present theory is in-
tfnded to explore the calculation of vector f{n only. Since the surface normal vector,
N, is perpendicular to any of the tangent vectors, 7:, one can write

N-t=0 (45)

Differentiating Equation 45 with respect to s,

aN LR

= 0 | 46)

&2

Equation 46 can be expressed in the following form.

dt = -~ dN dr 4N dr - dN
ds N_—tds—-ds.a—;— dr-dr @7

The multiplication of Equation 43 by vector N leads to

LN =k N =, (48)
since

Eg-ﬁ =0
and

k, = %, N

(For further explanations, see Equation 44.)
The comparison of Equations 47 and 48 yields finally

dr - dN
H = e
n . dr - dr (49)

The following derivations are intended to study the right side of Equation 49. The
term dr was expressed by Equation 31 as:

16



dr

rudu +ry dv

Similarly

dN

ﬁudu + ﬁv dv (50)
The substitution of Equations 31 and 50 into Equation 49 leads to
(§ﬁ)du2+(§§ + T _N_)dudv + F_N_)dv®

uu uv Vvu v v

L T P _ - _ 2 (51)
Ty - Tydu + 2@, ry)dudv + (¥, - Ty)dv

It can be seen from Equation 41 that vector N is perpendicular to vector Ty ;
consequently

F,°N =0 (52)

Differentiating Equation 52 with respect to u, one has

- = = (fu X f'v) (;'uu;u;v)
- N = T *N =r ¢« 7= — = 53
(ryNyw) Tvyu uu Iru % rvl EG - F2)1/2 (53)
Introducing the symbol e for Equation 53, one has
(T, .I.T.)
o = uuwu v1 (54)
2,1/2
(EG - F9)
Similarly
F, "N = 0
Therefore
- = - = (;vv;u;v)
- @,Ny) = 1 N = _—_ZT/E (55)
EG - F9)
Again, introducing the symbol g for Equation 55,
(Evv;u;v)
§ = —— 37 (56)
(EG - F2)

17



- - S (TyvTuly)
2f = = Ny + Fylly) = 25N = 2 0y (57)
(EG - F2)
or
Ty Ty Tr)
£ = Mi_/é (58)
EG - F?)

The substitution of Equations 32 and 33 (and furthermore 54, 56 and 58) into Equa-

tion 51 leads to the final equation of normal curvature of a surface.

_ edu® + 2fdudv + gdv‘?‘
xn - 0 .1__2 IR B = I PO, N o | J;_z (59)
Lau T 4arauavrTuaodav

If the curvilinear coordinate system of the surface is orthogonal, then vector r, is
orthogonal to Iy, or T, - Ty, = 0; consequently F =f = 0. The formula of normal
curvature was reduced in this case to

2

(60)

edu® + g dv? _ (du)2 N (dv)
© B\ds

Edu? + Gdv2 ds
The denominator of Equation 60 was expressed according to Equation 34. This for-

mula can be cast info a simple form. Substituting first dv = 0 and then du = 0 into
Equation 60,

dv = 0 xp = ¥ = =
(61)

Qo

du = 0 n T U2

%y and Xy are the so-called principal curvatures of the normal curvature vector.
Without the mathematical proof, the definition of principal curvatures is desirable for
some explanations. The principal curvatures % and X2 are the extreme values of
the normal curvature as functions of the varying tangent directions to the surface given
by du/dv. It can also be proved that these curvature directions are orthogonal.

Euler's Theorem. The normal curvature, %,, can be expressed in an arbitrary
direction in terms of principal curvatures %; and Ay in the following. With the aid of
the terms E, F, G one can express the angle & of two tangent directions to the surface
given by du/dv and 6u/6v. Then

18



df = F,du+ Tydv
(62)
6r = T, 6u+ 7T Ov |
and _
dr - 6T Edubu + Gdvbv
cos ¢ |az] - |6r| = 172 (63)
ds (E 6u2 + G 6v?%)
Assuming 6v = 0, Eguation 63 may be written
1/2(d
cosa = E /2<_l;1_) (64)
Similarly
6u = 0
Equation 63 can then be reduced to
m o _ 1/2( dv)
cos(2 - oz) = gineg = G as (65)
The substitution of expressions 62, 64 and 65 into Equation 60 leads to the final
formula.
¥p = ¥q cosZa + X, sin? 66
n 1 ¢os o Sin® o (66)
2.1.3 EXAMPLES. The equation of an oblate spheroidal can be defined by the
following equations (see Figure 12),
x = acosfBcosf
y = acosfBsinb (67)
1 .
z = a(l-e?) /2gin 8
where the eccentricity is
b2 1/2
¢ = (1 - —5) (68)
a

2.1.3.1 Calculation of the Surface Area of the Oblate Spheroid. The vectorial
equation of surface is in the present case

T =xi+yj+zk = a[cos Bcos 61 + cosBsin87F + (1 - 62)1/2 sin BT{] (69)

19



Figure 12. Angle of Normal Unit Vector

The values of expressions E, F, and G have to be calculated according to Equation
33 since

EB = a[— sinB cos 01 - sinBsin@j + (1 - €2)1/2 cosf l_c]
rg = a[— cosBsinf1i + cos B cos 9]_]
E = fg-Tg = a? (1 - €2 cos? B)
F = i'ﬁ rg = 0
G = ;6' Tg = a® cos? B
Therefore
EG - F2)1/2 = a2cosB(1 - €2 cos2/3)1/2 (70)

20
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The surface area of the oblate spheroid is, according to Equation 40 and the utiliza-
tion of Equation 70,

2n 7/2
A= (EG—F2)1/2d6dB
o *n/2
2n n/2
= aZcos B (L - €2 coszﬁ)l/zdede (71)
o 2m/2

The computation of integral 71 leads finally to

2
2 @b 1+e
= —— 4
A 2ma” + p n(l—e)

(72)
where the value of eccentricity is given by Equation 68.

2.1.3.2 Normal Unit Vector. Equations 41 and 42 represent the general formulas
for the present problem since

i j k
(i‘exi‘ﬁ) = [ -acosBsinb acosfB cosb 0
. . . - 2,1/2
~asinBcosf -asinf sinf a(l-€4)" " cosfB

Therefore

N = (- €2 cos? ,8;1/2[(1 - 62)1/2 cosBcosBi + (1 - €2)1/2 cos 3 sinBj

+ sin BT(] (73)
2.1.3.3 Calculation of the Angle of Normal Unit Vector and the Z Axis. (See

Figure 12.) The cosine of the angle can be calculated based on Figure 12 and Equation
73, as follows.

Iﬁzl sinf
cosQ = —IET = S 5. 1/2 (74)
(1 - €4 cos“pB)
since -
IN| = 1
= smﬁ -
N, = 72 k

- €2 cos? B)1
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2.1.3.4 Calculation of the Expressions of e, f, g. Since

-acosfcosb - acosfsinf
(fﬁﬁfﬁfe) = |- asinfcosB - asinfB sinf
-acosBsinb acos 8 cos 6

to carry out the computation, one has

(FggTgTe) = a’cosB(l - e

Equation 54 represents the formula

_ Gggtgfe) aqa -y
e - 12
(EG - F2)

@ - G2 cos? 3)1/2

Similarly
One has, according to Equation 58,

(ruvrurv)

EG - F2)1/2

Again, one has, from Equation 56

&96}/3;9) _a(l- 62)1/2 cos B

2)1/2 B /2

EG-F (1 - €2 cos By’

/2
/2

-a(l- 62)1

a(l- 62)1

sin B

cos B

2.1.3.5 Calculation of the Principal Curvatures and the Principal Radii of the

Surface. Equation 61 presents the required formula.

B -y
1= =
E a(l- 2 00323)3/2
2 1/2
"y = g _ 1 - €7

a@l - €2 cos“Z/S)l/2

where the expressions E, G, e, and g were calculated previously.

22
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The two principal radii of the surface are

R. = 1 a(l—fzcoszﬁ)g/2 (79)
1 == =
7(1 (1 _ €2)]./2
2 2 1/2
Ry - 1 - a(l - €“cos” fB) (80)

@ - )L/
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2.2 THEORY OF THIN ELASTIC SHELLS

2.2.1 THEORY OF MEMBRANE SHELLS. The membrane theory is an approximate
method of analysis of thin elastic shells based upon the assumption that the transverse
shear forces (bending and twisting moments) can be neglected as small quantities com-~
pared with the membrane forces acting on the shell. The theory can be a useful tool
in cases when these theoretical assumptions approach physical reality.

The real advantage of membrane theory is the mathematical simplification; however,
the simplification has only limited physical applications, as will be shown by the dis-
cussionof the boundary conditions. The present theory assumed the validity of Hooke's
law (linear stress-strain relations) and that the shell thickness is relatively quite
small compared with the general geometry of the shell.

To analyze the internal forces of the shell, an infinitely small element is cut out
from the shell by two pairs of adjacent planes which are normal to the middle surface
of the shell and which contain its principal curvatures (Figure 13).

The coordinate axes x and y are tangent at O to the lines of principal curvature and
the axis z is normal to the middle surface. The principal radii of curvature which lie
in the xz and yz planes are denoted by ry and ry.

The stresses acting on the plane faces of the element are resolved in the directions
of the coordinate axes, and the stress components are denoted by the symbols Ty cry
and Tyy. The resultant membrane forces per unit length of the normal sections are
shown in Figure 14.

23



Figure 13. Shell Element

Figure 14. Resultant Membrane Forces
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The forces per unit length of the normal sections can be expressed in the following
form.

h/2 (ry -— z) h/2 z
N, = o, ———dz = o, (1-—|dz (81)
X X r X T
*h/2 y “h/2 y
h/2 (ry - 2) h/2 2
Ny = f Oy dz = f O‘Y( -r—)dz (82)
%h /2 Tx 2h/2 X
Similarly, one has
h/2 ’
Nyy = f T (1 - —)dz (83)
y X
Jhe N Ty
and
h/2 ,
Nx = f Tyl - e (84)
yx
y Jh /2 Iy

The small quantities z/rx and z/ ry appear in Equations 81 through 84 because the
lateral sides of the element shown in Figure 13 have a trapezoidal form due to the

curvature of the shell.

Since the membrane theory assumed that the thickness h is very small in compari-
son with the radii ry, ry the terms z/rx and z/ry are omitted in Equations 81 through 84.

Ny = 0xkh, Ny = 0oyh and Ngy = Nyy = Tyyh (85)

since

Txy = Tyx (86)

Equation 85 represents one of the fundamental assumptions of membrane theory:
"The forces N, Ny and Ny, obtained in this manner are sometimes
called membrane forces, and the theory of shells based on the omis-

sion of bending stresses is called membrane theory." (See Reference
4, Page 433.)

25



The strains can be expressed based on the theoretical elasticity.

1
€x = 'E[Ox -vey +0,)] ]

and (87)

1
¢ = 5oy v o]

where
E = modulus of elasticity
v = DPoisson's ratio
The stress 0, may be assumed to be much smaller than stresses o, and O'y in Equa~
tion 87, and its influence in Hooke's law may be neglected @, = 0).
Equation 87 in this case may be written
1
€, = E ©Cx - uoy)
(88)
_ 1
ey = -E-(cy - V0y,)
The solution of Equation 88 in terms of stresses leads to
o, = (€, T VE)
X (1 _ V2) X y
(89)
g = E €, +VE)
A NV

Equation 89 shows that the membrane stresses are reduced to a plane stress problem.

The equilibrium equations of some of the most important shell configurations will
be discussed in the following subsections.

2.2.1.1 Membrane Theory of Cylindrical Shells. The differential equations of equi-
librium will be derived for a cylindrical shell element. Figure 15a illustrates the gen-
eral arrangement and Figure 15b shows the shell element and the membrane forces
acting on the sides of the element. In addition, a load will be distributed over the
surface of the element, the components of the intensity of this load being denoted by

X, Yand Z.
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CYLINDRICAL SHELL

SHELL do
ELEMENT

Figure 15. Membrane Forces Acting on Sides of Shell Element

Considering the equilibrium of the element and summing up the forces in the x-
direction, one has

3N 3N,
—a;:—{ad(pdx+$d<pdx+Xadpdx =0 (90)

Similarly, the forces in the direction of the tangent to the normal cross section (in
other words in the y-direction) expressed as the equation of equilibrium, are

aNx(p BN(p
3% ad(pdx+$d<pdx+Yad(pdx =0 (91)

The forces acting in the direction of the normal to the shell (in other words in the
z-direction), are

N(pd(pdx+Zad<pdx = 0 (92)
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The differential e

follows.
.B_Nl{_!.laNX‘p = =X
09X a
o
Y 1M
ox a dp
N(p = -Za

2.2.1.2 Shells of Revolution with Axially Symmetric Loads.

(93)

(94)

(95)

A surface of revolution

is generated by the rotation of a plane curve about an axis in its plane.

Figure 16

shows an element of a shell cut out hv two adiacent meridians and two nnraﬂn'l

SLAOW ail clelllcell SIAC21 OL UL

Figure 16. Element of Surface
of Revolution

Y and Z; however, the assumption of symmetry requires that load X = 0,

gL ClL LT ALalls K28 Al alicTl

circles. The position of a point on the shell
is measured in the meridional direction by
the angle 6, and in the so-called parallel
direction by the angle ¢. The angle ¢ is
the angle between the normal surface vec-
tor and the coordinate z-axis. The merid-
ional plane and the plane perpendicular to
the meridian are the planes of principal
curvature at any point on a surface of rev-
olution, and the corresponding radii of
curvature are designated by ry and ro.

The radius of the parallel circle is denoted
by ro and it can be expressed, based on
Figure 16, as

ro = rysin (96)

From the assumed symmetry of loading
and deformation, it can be concluded that
all the forces and deformations are inde~
pendent of angle 6, and that there will be
no shearing forces acting on the side of the
element. The membrane forces per unit
length are designated by N(p and Ng. The
components of the external force per unit
area of shell surface are designated by X,
Again, the

differential equations of equilibrium of the shell element will be derived.
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The membrane force on the parallel curve DCis
N¢r0d9 (97)

The force on curve ABis (see Figure 16)

AN, amp or
0 _ o
(N(p + 52 dp)(r, + drg)d6 = (N¢ e d«p)(ro 5 d<p) a8 (98)

The membrane force on meridional curve BC is

Ng r; do (99)

Figure 17 shows the components of membrane forces NG in a meridional plane.

N

6

Figure 17, Membrane Force Components on a Surface of Revolution

It can be seen from Figure 17 that force Ng has a component in the direction of the
tangent meridians (y~-direction).

- Ngr; dpd6 coso (100)
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The component of external force in the same direction is

Yr,r_ dodb (101)

i“o T bt

Summing up forces in the direction tangent to the meridian (in direction y), accord-
ing to Equations 98, 97, 100, and 101, the equation of equilibrium is

BN(p aro
(N‘P " 30 d(p)(ro N @d‘P) d6 - N,r,dé ~ Ngr; dp dbcos ¢

7 A\

+ Yr dorjdp = 0 (102)

Neglecting a small quantity of second order, Equation 102 becomes

oN or
© 0
jia r,dp do + No g(;d(p d6 - Ngrq cos o dpd8 +Yr ridpdf = 0 (103)
since
BN(p or, 3

Q.- i dt . L Tozaad . 1NA T e d S 1N ~ead oo
OUDSLILULION OL Lyudiionn 1u4 110 Lygudlioil 1vo d4nu ail >
dp d6 yields the equation of equilibrium of forces in a directio

=
B o
=
| o
g
=
=4
o+
Q
==
®

eridian.

-é%(roN‘p) - Ngrjcos ¢ = -Yr 1, (105)

The second equation of equilibrium is obtained by summing the projections of the
forces in the direction normal to the shell surface (in the z-direction). Figure 18
shows the forces acting on the upper and lower sides of the element. The resultant
force, based on Figure 18, is

No r,de do (106)

The component of the lateral force, Ng, acting in the z-direction is, according to
Figure 17,

Ngrydo df sin @ (107)

The external load acting on the shell element also has a component in this direction.

Zryr,dodp (108)
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Nep +

Figure 18. Forces Acting on Elements

Summing up the forces from Equations 106, 107 and 108, the following equation can
be obtained.

N(pd(prode + Ngridpdbsin® + Zr dfr ;dp = 0 (109)

The substitution of Equation 96 into Equation 106 and division of Equation 106 by
d6 d¢ yields the equilibrium equation in the z-direction.

N N
o, 8 _ (110)
y T2

The two equilibrium equations are the functions of the independent variable ¢ .
These equations can also be expressed as the independent variable of the meridian
length s, or as the independent variable of the z-coordinate. Figure 19 shows the
meridional curve of the shell. The line element ds of the meridian can be written

ds = rydp (111)
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The line element dz of the z-coordinate
is expressed as

dz = ds sino (112)

Equations 111 and 112 lead also to the
following relation.

dz = r;sinpdp (113)

Equation 111 can be expressed as

- = Tr,— (114)

The substitution of Equation 114 into
Equations 105 and 110 and the replacement
of the subindex ¢ by s gives another type of
equation of equilibrium for shells of
revolution.

o)
— - = - 11
Figure 19. Meridional Curve 3s (to Ng) - Ngcos@ = -¥r, (115)

—_+ — = -Z (116)

Equation 113 may be expressed as
2 o r sineX (117)
3p 1 oz

Substituting differential operator 117 into Equations 105 and 110 and replacing
subindex ¢ by z, one has

d

gz_(roNz) - Ngcos¢p = -Y 1y (118)
N N

2z, 8_ 4 (119)
S
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2.2.1.3 Equilibrium Equation of a Symmetrically Loaded Conical Shell.  Figure 20
shows the coordinate system which is suitable for a conical shell.

S~

T

Figure 20. Conical Shell Coordinate System

It can be concluded from Figure 20 that

_ T, W
® 2
r = ssin«
> (120)
r2 = s tan &

4

It is assumed that the conical shell is loaded symmetrically by the external forces;
therefore, Equations 115 and 116 are applicable in the present case. Substituting
Equation 120 into Equations 115 and 116 yields

3 ; m _ .
38 (s sin o Ng) - Ng cos(-g- a) = ~Ys sin« (121)
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N
s 6
—+——- =_7 122
®  stanc« (122)
The equilibriuni equations of the conical shell, in the final form, are
a —-—
3.65Ng) - Ng = -sY (123)
Ng = -Zstana (124)
2.2.1.4 Equilibrium Equation of a Symmetrically Loaded Cylindrical Shell. The
general case of external loading was derived by Equations 93, 94 and 95. In the case
of a symmetrical load, the following assumptions can be made.
Nyp = Nox = Y =0 (125)
Equations 93 through 95 can be reduced by the previous assumptions to
AN,
Sx - X (126)
No = - Za (127)

where force N(p is independent of angle ¢.

These equations can also be derived from Equations 118 and 119 with the following
assumptions.

_r
¢ =3
Ty, = Iy =2 (128)
rl = o™
Equations 118 and 119 become

—9-(ri = -Y (129)

oz Z)
and
Ne = -Za

(130)
Equations 126 and 127 differ only in symbology when compared with Equations 129 and
130.
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2.2.1.5 Strain-Displacement Equations of Membrane Shells. In the following dis-
cussions the secondary strains were neglected. (For further explanation, see Figure
13 and Equations 81 through 84.)

Strain-Displacement Relations of a Cylinder. Figure 21 illustrates the general
arrangement, the directions of the coordinate system, and two arbitrary points, A and
B, on the surface of the shell. The displacements of the shell are in the longitudinal
direction, u; circumferential direction, v; and normal direction, w (+w toward the
center of the cylinder).

#__ . __‘
/7 /
w u
v W—dx /
X

A B |

\
\k

Figure 21, General Arrangement

Figure 22 shows the deformations of
points A and B in the longitudinal direction.
Unprimed letters represent the undeformed
state, and the primed letters express the
deformed state.

The strain is in the longitudinal
direction.

BB’ - AA’
X AB
(u +a—udx) -u

X

dx

= (131)

ox Figure 22. Points A and B Deformation

35



Figure 23 demonstrates the shell deformations in the circumferential direction.

Figure 23, Circumferential Deformations of Cylindrical Shell

The undeformed points, A and B, have deformations not only in the circumferential

direction, A’ and B’, but the cylinder and consequently points A’ and B’ also move in
the radial direction. The final positions of the points A and B are A” and B”, since

= — - — d
A‘B' = B+BB'-—AA'=ad(p+(v+§;;d<p)-v
T v
= +_
A’B’ = adp +_ dp (132)
Similarly, one has
e -~ ,Ja-w ov w
= = (adp +=—do|(1 - = 13
A'B AB(a ) (a‘p+a<p(p)( a) (139)

The circumferential strain can be expressed on the basis of the previous

derivations.

ov

w
AL (ad“”apd‘ﬁ’)(l'z)-ad@
© AB ado

_ iy _w (134)
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The shear-strain is the sum of the rotations of the two line elements dx and adp
(see Figure 24). ' ‘

Figure 24. Shear Strain

v du
_m %% w1 135
yx,<P T dx adp  3x ade (135)

The derived strain-displacement relations are in correspondence with the load functions
assumed in Section 2.2,1.1,

Strain-Displacement Relations of Shells of Revolution. The external load is assumed

to be distributed symmetrically on the shell; therefore, the deformations also have
symmetry

'y(p, g = 0 (136)

Figure 25 shows again two points, A and B, on the shell in the meridional plane of
the surface. The unprimed letters again correspond to the undeformed state, and the
primed letters designate the deformed state. The displacement of the shell in the tan-
gential direction is v, and the displacement in the normal direction of the surface is w.
The deformation of the shell can again be resolved in the tangential and normal
directions.

The points A and B moved due to the tangential deformation to the positions of A !
and B'.

a— — I

’ A v
AB = B+ BB - AA —r1d<p+(v+§pd(p)—v
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Therefore

dv

do (137)

Due to the normal deformation of the shell, the point A’ and B’ moved to the final
positions A” and B”. The following relations can be written, based on Figure 25.

— —_— ry - W d
"o Ny ES _ v _ w
A'B = A'B ( T ) = (rld(p +——a(pdqo)(1 —rl) (138)

The tangential strain can be expressed

v w
"l - (I‘l do + —and(P>(l __IT]__> - I‘l do L3
o ~ — - r; do (139)

s

)
Ignoring the second-order quantity, 'g‘;dtp % , the tangential strain is expressed.

€ = i(.éy_ - W) (140)
© rl a(P

The circumferential deformation of the shell can be seen in Figure 26. The
deformation and the corresponding strain are now in the parallel plane of the shell.
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V4
d.\ %
\\ v
~

~w sing + vcoso

/'\w\r o 4_1 vV cos@ - w sin @
— /
|
|
®

Figure 26, Circumferential Deformation of Surface of Revolution

The undeformed state is expressed by points A and C and the deformed state by A !
and C’.

The circumferential strain is

o A'C’-AC (OA+AA")d6 - OAdO
8 AC OAdB

because

(r, + vcos ¢ - wsin ©)do - rode
s (141)

‘g rode

By substitution of Equation 96 into Equation 141, the circumferential strain, is in
the final form,

€g = % (vecoty - w) (142)

Strain-Displacement Relations of Conical Shells. It is assumed that the external load
is symmetric; therefore, the deformations of the conical shell are also symmetric.
The strains can be derived in this case as the degenerate case of the shells of revolu-
tion. Differential operator 114 was substituted into FEquation 140.
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€ =

r; 13 Y| T 3

(143)

The conical shell can be specified by the following data.

Substituting Equation 120 into Equations 143 and 142, one has

Ee=

v _w _ v

o @ 9s
vian o - w) =

stanoz( )

(144)

A % cot « (145)

In the case of a small cone angle, ¢, the following assumption may be made.

weotoa > v

Equation 145 was reduced in this case.

Figure 27.

w cot &

Conical Shell Notation

40

(146)

(147)

Figure 27 shows the customary nota-
tion of the conical shell; therefore, the
longitudinal strain is expressed by
Equation 144.

du
€S = g (148)

The circumferential strain is unchanged.

w cot o

2.2.1.6 Static Problems. The follow-
ing static problems serve a comparison
purpose with the equivalent dynamic
problems. It can be seen in the follow-
ing discussion that the order of differen-
tial equations is not the same in the
case of statics as it is in dynamics.
As a consequence, the order of




displacement functions and the arbitrary constants are not necessarily the same in the

two different cases.

Stresses and Displacements of a Sphere by
a Uniform Load. TFigure 28 shows a half
sphere loaded by a uniform pressure, p.

a. Calculation of the Stresses of the Shell,
The load function is

Y =0 and Z =p (150)

One has, from the geometry of the

sphere,
I‘l = 1‘2 = a
d 151
an : (151) Figure 28. T.oaded Half Sphere
ro = asin®

Equations 105 and 110 become, in the case of the spherical shell,
O i si _
a(p(a sin @ N(p) - Ngacosop = 0

Yo No
a a P

The substitution of Equation 153 into Equation 152 yields
—d— i NJ) + N.cos®@ =-pacose
dp (sin @ ()D) ® 0s =-p
Let the new independent variable
= d d _ 1 - x2
X = cos @ an do - ( )

Equation 154 becomes, by substitution of Expression 155,

-Q1- xz)l/za—d;[(l - xz)l/zN‘p] + XN(P = -pax
or

d
_a;[(l - x2) N(p] = - pax
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(153)

(154)

(155)
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The result after integration of Equation 156 is

2
N(p _ _bax . C
2(1 - x2) (@1 - x2)

(157)

where C is an arbitrary constant.

The constant, C, can be evaluated from the condition of the support. Based on
Figure 29, the following equation can be written

palm = - 27maN, (158)
x=0

The solution of Equation 158 is

c = -22 (159) pa 2w *
2
N N
Equation 157 is, by the use of (7] [7e}
Expression 159
pa
Np = -7 (160) Figure 29. Forces on a Half Spherical Shell

The following relation can be obtained from Equation 153.

3 B pa _ pa
Ng = -pa - Ny = -pa+—>5 = - (161)
The stresses of the shell can be written
N
) pa
0 = O = em— = = — 1
® 8 " 'n 2h (162)

where h is the thickness of the shell.

Calculation of the Displacements of the Shell. Based on Equation 162, the follow-
ing equations can be written

N(,D = Ne
Therefore
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Equation 163 can be expressed by the displacements (see Equationé 140 and 142)

v - v cot
3 w =vcotQ - w

fd—: = f°°“Pd‘P (164)

After integration, one has

v = CQ - x2)1/2 (165)

The arbitrary constant C can again be evaluated from the boundary condition
at the support, which is

v(0) = 0

Therefore

C =0 (166)

The tangential displacement is

v =0 (167)

Similarly

Eh Eh
Nyp = ——— (€p+ VE€g) = —— € (168)
© a- V2) © 6 1-v) 8
Substituting the values of Expressions 160 and 167, the following equation can be
obtained.

v=20
h UNDEFORMED
_pa __ Ehw (169) \ SHA PE
2 a(l-v) W
”
Expressing w from the last equation, /’\\
one has a//'
_ pal@ -y 170 DEFORMED
Y = T2En 170) SHAPE

Figure 30 shows the deformation of
the shell. Figure 30. Shell Deformation
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Membrane Cylinder Loaded with a Uniform Force Parallel with the Axis. A membrane
cylinder is loaded with a uniform force parallel with the axis as shown in Figure 31.

a. Calculation of the Membrane Forces. F
The force per unit length on the *
periphery of the cylinder is _ +

F
= — 1
PO 2Ta 71
Because of symmetry, one has 4
ON,
©
N, = — =0 172)
X(p oQ /
The load functions are the following 1

X=Y=2=0 (173)

/77///////////////////

Equations 93, 94, and 95 can be

expressed as Figure 31, Axially Loaded Membrane Cylinder
N
X
5 = O (174)
Np = 0 (175)

The integration of Equation 174 leads to
Ny = Constant = C (176)

The boundary conditions are, in this case

Ny = NXI = Nx‘ = -P, (177
=0 x=%
Therefore
C=-P,

b. Calculation of the Displacements. Equation 175 can be obtained as

Eh _
N¢=m(e¢ +VEY = 0
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Therefore

€. = - Ve (178)

® X
The membrane force, Ny, can be expressed, based on Equations 178 and 131 as

Eh
Ny = ——— (€, +VE€,) = Ehe, = - P
(1 - UZ) X (P) X o]
since
du Py
% =3 “Ep (179)
Integrating Equation 179, one has
Pyx
uE = - (180)
The circumferential strain was expressed, according to Equation 134
1{ov w .
% -2l -w) - -3 (en
Because of symmetry
ov
—_— = 0
foT/o)
£
The use of Relations 178 and 179 leads to u(®)
w - -—
€ = -— = —P€, = — 182 1 »
© a X Eh ( 8 ) f'x\ — 4 *
| |
The radial displacement, w, can be | |l w
expressed from Equation 182 as : | DEFORMED
vaP | |/SHAPE
W= -— (183) !
Eh |
W S|
Figure 32 shows the deformation of \\__) ’,

the shell. It is obvious that the
boundary conditions in this case are a
function of the loading condition.

Figure 32, Cylindrical Shell Deformation
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Stresses and Deformations of a Pressurized Cylindrical Membrane Shell.

Figure 33

shows the cylindrical membrane shell which is pressurized and covered by a rigid
plate. Since the technique of solution is the same as in the previous problem, the
calculation and explanation will, in this case, be rather brief.

a.
- 1
AR
=P
|a— —]
<—a——
———— —
—

777

Figure 33. Pressurized Cylindrical Shell

Integrating Equations 186 and 187, one has

C

f

Ny Constant 1

N(p = Constant pa

]

The force is in the axial direction
F = panm

The axial force, P,, on the shell is

P

F__ pa’m _ pa
2

= = = C
o 2a1 2am 1

Therefore

46

Membrane Forces. Because of
symmetry

Nyxp = N(px =0
The loading functions are
X=Y=0 Z=-p

The differential equations are

aNX
ox =0
No _
P
N‘p=pa

(184)

(185)

(186)

(187)

(188)

(189)

(190)



b. Displacements. The membrane force and displacement relations, from the
previous calculations, are

j—————— — *
pa Eh (Bu v ) ' —17]
—_— e ———— - _W ——————
2 (L-v2)\3x a | \
7,
(191) | I
Eh w du u(£)
pa 5 |- Vs | |
1 -v4y\ 2 X | | w
[ /
The solution of Equation 191 leads to |
the desired displacement functions. |
| | DEFORMED
1 SHAPE
u(x) = Pa: (E - u) (192) : :
E | ,._~UNDEFORMED
9 I | SHAPE
_ _pa*( v
w = Eh(l 2) (193) | 11 It
Figure 34 illustrates the 7/ E;;ZZZZZZZZ%//
deformations. Figure 34, Pressurized Cylindrical

Shell Deformations

Practical Applications of Paragraph 2.2.1.6 in the Theory of Missiles. The import~
ance of longitudinal oscillation is well known in the control theory of missiles. The
derivation of the spring-mass longitudinal model is based on the problems discussed
in Paragraph 2.2.1.6.
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3.1 FREE

3/DYNAMICS OF MEMBRANE SHELLS

VIBRATION OF A THIN SPHERICAL SHELL

1t is assumed that the shell is vibrating axisymmetrically. The equilibrium equations
of a shell element can be used (see previous derivations).

Lo}
No
51
Again,
n
and
rO

(See Figure

(roN<p) - Ngrycos ¢ =-Y T, Ty (105)
N z

+ _;2 = -7 (110)

2

B \:/

2
= asin@
35.) Figure 35. Coordinate System of Thin

Spherical Shell

The external forces can be written in terms of the inertial forces of the shell.

Y

where

<

= © 4

32y
- ph—
at2

(194)
32w
- ph _2_
ot

tangential displacement of the shell
normal displacement of the shell
mass density of the shell

thickness of the shell
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The forces on the shell are, according to Equations 140 and 142

Eh Eh av
Np = ———F (€p + VEg = —[— + Vveoto - (1 +V)w] (195)
© a-vy ? o @ - v3)alo?

Eh Eh dv
Ng = ——— (€g +V€p) = —————[v— + veoty - (1+V)w] (196)
6 a-v? o @ (1-v?al o

where

=
It

modulus of elasticity

Poisson's ratio

I

Equations 105 and 110 can, in the case of a spherical shell, be expressed

BN(p
sin® — + (N.~A- Nalcos ® = -Y asino (197
= had aqo A v L o - &» h \=¥ iy
Ny + Ng = -aZ (198)

The substitutions of Equations 194, 195 and 196 into Equations 197 and 198 lead to

32y dv dw 2 32y
—= +cotP = - (L+V)5- - (@ +tcot" Q)v = A —— (199)
dy 22y
30 +veotyY - 2w = B ND (200)
where
21,2 2. vy
A = E‘__(;:_U_) and B = _p_a%_l (201)

The partial differential equations (199 and 200) are the mathematical representation
of a thin vibrating spherical shell. The unknown frequencies and mode shapes of the
vibrating spherical shell may be obtained by the solutions of these equations. The
first attempt is to reduce these equations to ordinary differential equations. Let us
assume separafion of variables and let

V@, H = v, @) Typ/b)
(202)
w (@, 1) = wp @)+ T/t
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where

=
il

n harmonic time function

Vn = tangential mode shapes
wy = normal mode shapes

Assuming harmonic motion, one has

2
d“T, 9
+py Ty = 0 (203)

dt?
where

p, = angular frequency (rad/sec)

The substitution of Equations 202 and 203 into Equations 199 and 200 leads to

a2v dv dw.
n n n 2 o _an2
d<p2 + cot o o 1+v 30 v +tcot" v, = -Ap, Vi (204)
dv,, 9
% + vy cot - 2wn = —Bpn Wi (205)

Wy, can be expressed from Equation 205 as

dvn
+ v, coto
n

n 2
@ - BpJ)

For mathematical convenience, the independent variable, ¢, was replaced by
X = cos ©. Therefore

PN

X = Ccos ¢

da _ 2 d y

6 = "Vi-¥ 4 (207)
2 2

——-dz—(l-xz)d—z- d J

do dx dx
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The use of differential operators 207 in Equations 204 and 206 yields

d2v dv dw,
- x2 D _gx- 2 1-x2 —n
1 X)dxz 2xdx+(1+V)1 X* o

v a- V)x2
- — + — - Apg|vy = 0 (208)
1-x3  @-x
N dv, x
-~N1-x = + Vi
w, = J1 - x2 (209)
2

(2 - Bpn)

By substituting Equation 209 into Equation 208, the problem of the vibrating spherical
shell was reduced to a single differential equation.

5 d?v, dv, [@-Bp2@Aap2+1-v)
1-x%) -2x—T— + 3 - vp = 0 (210)
dx dx 1-v-Bpi) 1 - x2
Equation 210 represents the vibration of a thin spherical shell. Let
@ - Bp2yap2 +1-v)
A, = 5 (211)
(1 -V- Bpn)

where A, represents the frequency equation. Introducing A, in Equation 210 yields

d2v dv

2 n n 1

(1—x)d2-2xdx+()tn— )vn=0 (212)
X

The solution of Equation 212 proceeds as follows. This second-order differential
equation is an ordinary differential equation with variable coefficients. It is a
Legendre type of differential equation and can be satisfied by the Legendre functions.
The Legendre type of differential equation is, in general

2
d%y dy 2
QA-x2) —-2x—+|n@m+1) - —2_ |y =0 213
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The general solution of this equation is the Legendre function.
m
Yp® = Py () (214)

where n and m are some rational numbers. (They do not have to be integers.) In
this general case the Legendre functions can be represented by an infinite series.
(For further information, see References 8, 9 and 10.)

3.2 SOLUTION OF EQUATION 212, THE MATHEMATICAL FORMULATION OF A
VIBRATING MEMBRANE SPHERE

To avoid any misunderstanding, differential Equation 212 represents the motion of a
small shell element. This equation is the same regardless of what kind of boundary
conditions one may try to apply. As will be shown in the following discussion, the
applicable boundary conditions are also limited because of the use of membrane theory.
The frequency equation expressed by Equation 211 has to be solved simultaneously
with Equation 212. In other words, the frequency equation is a function of boundary
conditions or the definition of bounded solutions of the displacements. Comparison of
Equation 212 with Equation 213 leads to the solution of the tangential displacements,

Vi and the angular frequencies, Py in the following form.
1
V(X)) = Pn (x) (215)
2 - BpI%)(ApI? +1-v)
Ap = = n(n+1) (216)

(L -v-Bpd)

where n can still be any rational number. We proceed further to determine the proper
values of n in the following discussion.

3.3 COMPLETE SPHERE
For a complete sphere there is no real physical boundary condition applicable. The
only mathematical boundary condition one can apply is that the displacement functions

have to be single-valued and bounded all over the surface of the shell.

1
If n is not an integer, but a positive real number, then P (x) is unbounded at x = -1;
therefore

1
- = +o
P (-1)

Since the solution has to be bounded everywhere, one has to restrict the values of n
to integer values.
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In the caseofn=1,2,3 . P (-1) is bounded; therefore, P (x) is the solution of
differential equation 212 and the trequency equation 211.

The frequency equation is

2 - Bpn)(Ap" +1-V)

> = n@m + 1) (217)
1-v-Bpd

wheren=1,2,3,4
Equation 217 can be solved in the form
ABp4 + ;[1 -v-nn+1)]B- ZAI p + (- vho+1)-2] = (218)
n

The solution of Equation 218 leads to two sets of frequencies for each value of n. One
of the sets is bounded and the frequency is pn ; the other frequency set is unbounded and
the frequency is pn (see Figure 36).

RADIAL
FREQUENCY

RIGID BODY
FREQUEN CY\

L, ' | 1 1 o
0

1 2 3 4 5 6 7

Figure 36, Frequency Curves for the Bounded and Unbounded Set
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The bounded frequency set approaches an upper limit and it can be shown as

. " ’(1 - V)
lim P, = T (219)

n—Ow

3.3.1 TANGENTIAL MODE SHAPE. As was proved previously, the tangential mode
shape, v,(x), can be expressed as

v = P& (%) (220)

where

n=1,2,38...

The structure of Pl () is
Pl = V1-x® {polynomial] 221)

3.3.2 NORMAL MODE SHAPE w,. The substitution of Equation 220 into Equation
209 leads to

dpl
[2 %n x 1

waR) = 5 (222)

(2 - Bpy)

From the theory of Legendre functions, one has

Plag = V1-x2 d P, (%) (223)

dx

Substituting Equation 223 into Equation 222, the following equation can be obtained.

-1 - xz) -—-——dz Pn(x) + 2x——-—d Pnix)
dx2 dx
w (%) = p (224)
(2 - Bpy)

Again, from the theory of Legendre functions, one has

42 P (x) d B, (x)
—— - 2x
dx2 dx

+nn+1)Pux) = 0 (225)
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This is the equation of zero-order Legendre functions (m = 0, see Equation 213). One
has, from Equation 225

-(1- x2) ——d2 Pt + 2x 2Pn()
dx2 dx

= n(n + 1) P (x) (226)
The substitution of Equation 226 into Equation 224 leads finally to

1) P
wy(x) = nm + 1) Palx) n;x) (227)
@2 - Bpy)

where

n=123...

3.3.3 ORTHOGONALITY CONDITIONS OF SHELL MODES IN THE CASE OF
COMPLETE SPHERICAL SHELL. The conditions of orthogonality can be expressed
in this special case,

1
fviv. =0 if  i#] 228)
]
=1
where
i,j = 1,2,3...
Similarly
1
/wiwj =0 if i #j (229)
A1
where

i,j = 1,2,3,4...

The condition of orthogonality always has to be proved, using shell theory; however,
this statement is also true for other types of continuous mechanics.
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3.4 LEGENDRE'S DIFFERENTIAL EQUATION AND THE PROPERTIES OF
LEGENDRE'S FUNCTIONS

As stated previously, the Legendre type of differential equation is in general

dx2 dx 1_x2

azy dy 2
(1-x2)—P--2x——n+ nn +1) - = Yp = 0 (see 213)

The general solution of this equation is the Legendre functions

yp® = P (X) (see 214)

where n and m are some rational numbers. In the case of integer values of m, the
Legendre functions can be expressed as

m 5 m/2 ;m
P, ® = (1-Xx7) @ P, (230)

where P (x) is the order of zero and degree of n (m = 0).
From the theory of hypergeometric functions, one has

af . o@+1)BEB+1) zz

=1
F(o, B, 7, z) % 1.2.y(y +1)

. oo+ D + 2)BB+ 1)(B+ 2) 234

(231)
1.2.3y(y + 1)(y + 2)
P, (x) can be expressed by the hypergeometric function as
1-x
Prx = F(—n, n+1, 1, —2——) (232)
Equation 232 can be written, based on Equation 231, as
1 1- +1 + 2
P = [1-20 Dy nom@r DO 2
1. 1.2.1.2.2
_ n(l - n)(2 - n)(n + 1)(n:;L 2)(n + 3) a- x)3 - (233)
1.2.3.1.2.3.2
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The series is convergent, if ll - x|< 2. I n are integer values, the infinite series
becomes a polynomial. For example

1
1 P, (%) =[ 1§2; a- )] = x

n

1l

263) . _

= = 2(-1)(3)(4) 2
n =2 Pz(x)—[l—l(z) )——24———(1-x)]

1.2
Py(x) = —2—(3x -1)
Similarly

Pg(x) = 55 < - 3)

3.4.1 ORTHOGONALITY CONDITIONS OF LEGENDRE FUNCTIONS. It is assumed
that i and j are some rational numbers and m are integers. The differential equations
in this case are

d 2 d _m s m? m =

a':(l - X )E_x Py (x):l + [1(1+1) - - xz]Pi x) =0 (234)
dla-2 L pPul| + [i6+1) - m? Px) = 0 235)
dx dx ] U 1 _xz ]

Multiplying Equation 234 by P (x) and Equation 235 by P1 (x), integrating these
products between limits -1 to +1 and subtracting these values yields

1
‘ m d 2.d_m m d pm
llpjd_x(l'x)'d_xpi - P — (1—x) Py |dx
(1—])(1+]+1)fP P dx =0 (236)
Since
A md 2 .m d m1
—_— N = -
‘/.P:| dx[l x) Pi ]d 't x)Pj dP
=1 -1
1 d md_m
- - %x2) — —
=[(1 x%) T Py" =P dx @237)
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Substituting Equation 237 into Equation 236, yields

1
G-Ha+i+1) [P (x) ij(x) dx =
4

d _m 1
@5 P ® =0 (238)

m

2 m d m
(1-x )[Pi (x)(—i—; Pj x) - PJ

ifi # j and m is an integer.

The orthogonality condition of Legendre's function can ve written in general

1
f P (x) ij(x) dx = 0 239)
=1
if
i#]
where
m = integer values

i,j arbitrary rational numbers

In the present case, one has

1
1 1
m=1 ~ fPi (%) Pj (x)dx = 0 (240)
ifi#j.
1
m=0 - :{.Pi(x) Pj(x)dx =0 (241)
ifi#j.

3.4.2 TABLE OF LEGENDRE FUNCTIONS. The Legendre functions and polynomials
were calculated based on Equations 233 and 230. The results of the calculations can

be seen in Table 1.

If the values of n are not integer values, the Legendre functions can also be calcu-~
lated from Equation 233; however, the Legendre functions will be an infinite series.
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Table 1. Legendre Functions

n P, (x) | Pl x)

0 1 o

1 X m

2 %(3:‘2-1) 3x V1 - x°

3 —;-(5x3-3x) %(sz-l)ﬁ--x_z

4 %(85x4-30x2+3) %(7x3-3x)~/1-;iz

5 %(BSxS - 70x° + 15%) —;-(315::4 - 2102 + 15) J1 - x2

3.5 DIFFERENT BOUNDARY CONDITIONS OF THE VIBRATING SPHERICAL
MEMBRANE SHELLS

3.56.1 COMPLETE SPHERE. The mode shapes can be constructed, based on Table
1, by Equations 220 and 227, The frequency equation is given by Equation 218,

3.5.2 HALF SPHERICAL SHELL. The membrane theory can satisfy only three
types of boundary conditions for a half spherical shell. Figure 37a shows the boundary
condition, when the shell is fixed in the radial direction, wnl x—n = 0. Figure 37b
illustrates another boundary condition, when the shell is fixed in the tangential
direction, Vn|x=0 = 0. Figure 37c shows the third type of boundary condition, when

the stress, cr(p |x=0 = 0.

a. Solution of Wnl = 0. Since
D x: —

0

n(n + 1) Py (x)
(2- Bpy,)

as was proved previously.

wn®) = Pam)l = 0 (242)

wheren =1,3,5 ... odd numbers. (See Table 1.)
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Figure 37, Boundary Conditions for a Membrane Sphere

b. Solution of vy, | = 0. Since
—————A%=0 —

Vp(x) = P; (x) (220)

as was proved previously.
1
vn@| o = Ppl =0

wheren =0,2,4 ... even numbers.
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The frequencies can be calculated from
Equation 218 and n=1,3,5 .. for case a;
n=0,2,4 for case 6.

3.5.2.1 Physical Explanation of Bound-
ary Conditions Cases a and b. In case a,
the shell vibrates with odd-numbered nor-
mal modes (wl 3,5...) in case b, the
shell vibrates with even-numbered normal
modes (WO, 2,4.. )

3.5.2.2 Casec, Op| _ =0. This case

can be generalized mathel%atically for an
arbitrary value of x = X5 and the influ-
ence of a small hole on a spherical surface
\xo = cos<p0 can be discussed. Figure 38 illustrates
the general case.

HOLE
The boundary condition is

Figure 38, Spherical Shell with Hole

(o] = 243
(PlFX 0 (249)
o
From Equation 195 one has
N
© E ov
O =——=——"—"— ]z + Vvcot ¢ - (1+l/)w:l (244
¢ hoaq- u2)[59° )
Since
X = cos @
Equation 244 can be expressed as
dv
E 5 n X
.= ——"0 - - -
© 2l - Vz)Z[ 1-x +V T-x2'n -+ V)wn] (245)
n

The substitution of Equations 245 and 209 into Equation 243 leads to

dv, %

dv -~N1 - X2 -+ TV
_Jh .21 X _ dx J1-x2 1 _
1-x dx + Vm Vn 1+ V){ 2 Bp : 0 (246)

X=X
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Since

1
vh = P, (®)

where n is unknown. Equation 246 is by substitution of the Legendre functions PI} thus

..Jl-xzad;PI}(x)+ X 2Pr}(x)
N3 X plx)- @+ 1-x =0 (247)
dx 1 n 2
1-x2 (2 - Bpy)
X=X0

The frequency equation is unchanged.

2 2
@ - Bp)Ap, +1-v)

5 = nn+1) (217)
(1-v-Bpy)

The simultaneous solution of Equations 247 and 217 leads to the unknown frequencies,
pr?, and the indices, n. The mode shapes are represented by the Legendre functions

and are an infinite series, since the values of n are not integers.

A special case of this problem is the half sphere, where

— — ”—0
X_XO_COS—E_

References 11 and 12 may be counted as classics in shell dynamics. Reference 13
has been published recently and it also contains test results.

3.6 A REVIEW OF BAKER'S PAPER: "AXISYMMETRIC MODES OF VIBRATION
OF THIN SPHERICAL SHELL'" (Reference 13)

3.6.1 SUMMARY. The paper presents a study of the theory of free, axisymmetric
vibrations of a thin elastic spherical shell and demonstrates by experiment that the nor-
mal modes of vibration predicted by theory do exist. The author used membrane theory
and predicted the existence of two infinite sets of modes, one of which is bounded in
frequency and the other unbounded. The first four modes in each set are identified by
experiments on a small steel shell.

3.6.2 EXPLANATION OF THE THEORY. The equilibrium equations of the paper

(1 and 2) can be compared to Equations 197 and 198 of this monograph. The differen-
tial equations (5 and 6) of the paper are identical with Equations 199 and 200 of this
monograph. Egquation 17 of the paper, the tangential mode shape, can be obtained with
Equation 215 of the monograph. Equation 19 in the paper defines the normal mode
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shape, which is related to Equation 227 of the monograph. These equations differ by a
constant, which is due to the different formulations of the displacement functions. The
paper defined the displacement functions as the solution of an initial value problem.
However, the monograph investigated the problem of free vibration, and the initial
value problem was left open. The frequency equations (28 and 29) of the paper are
identical to Equation 218 of the monograph.

Figure 39 shows the frequency curves as published by the author. The unbounded
angular frequencies are designated by the letters a, and the bounded set by letters b,,.
Figure 40 shows the different mode shapes and Tables 2 and 3 the calculated and
measured frequencies published by the author.

Table 2. Comparison of Measured and 120

11 ] 1
Predicted Vibration Frequen- 100 UPPER BRANCH
cies for "a' Modes Y
_ 80 /
Predicted Measured
Frequency Frequency NN‘: 60
Mode Hz) Hz <
( (Hz) 40 4
a 3720 3500
0 20 P
ay 4570 4500 ok A§L BN M.
2, 6250 6200 1. O
a 8350 8500 F 0.5 A
3 % U °[[[Z [LOWER BRANCH
oY HEENI
0123456 78 910

E NCY NUMBER,n
Table 3. Comparison of Measured and FREQUE

Predicted Vibration Frequen- Constants: V = 1/3

cies for '"b'" Modes 2.9
Az PV
Predicted Me:;sured E
Frequency Frequency
Mode (Hz) (Hz)

bg 1560 1540 Figure 39, Frequency Curves
b3 1860 1880 for Spherical Shell
by 1975 1950
b5 2000 2000
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Shape of a2 Mode Shape of b3 Mode

Figure 40, Mode Shapes of Spherical Shell
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3.6.3 CONCLUSIONS. The paper shows the experimental evidence of the existence
of two types of frequencies and mode shapes for a vibrating, thin-walled spherical
shell. However, the recent theoretical investigations, using membrane-bending theory
for a spherical shell, have shown the unbounded character of the so-called bounded
frequencies defined by the membrane theory.

3.7 FREE AXISYMMETRIC VIBRATION OF MEMBRANE CYLINDERS

The problem of symmaetric free vibration of membrane cylinders is under study. In
this case, the following assumptions can be made

V= Ng, =Np =Y=0 (248)

In addition, the inertial forces are the load functions
3
X = -ph—.— and Z = -ph—. (249)

The substitution of Equations 248 and 249 into Equations 93, 94 and 95 leads to the
differential equations of motion.

3N 2
X o%u
X - pn2 (250)
ox 81:2
2
3
N. = pha——v @51)
@ 32

The strain-displacement functions are based on Equations 131 and 134,
w
= — € = - — d = 2
€ % © a an v 0 (252)

The substitution of Equation 252 into Equations 250 and 251 yields

3%  vaw _ Pl - u2) 32y

- - (253)
axz a 0x E atZ
2 2
ou w 1-v% ow
M ¥, ¥ 254
Y a E a2 @54)
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Assuming separation of variables, the following expression can be obtained.

up(%,t) = w (%) Ty(t)

(255)
wp(x,t) = wy(x) Ty(t)
The assumption of harmonic motion may be formulated
dzTn 2
—— +p, T, =0 (256)
at2 n *n
Let
Ay and ) 257
dx ) = E ( )

Partial differential Equations (253 and 254) can be reduced to two ordinary differen-
tial equations, if Equations 255, 256 and 257 are substituted into them.

v 2
Uy - Wy = -Appuy, (258)

Wn 2
vuy i —Aapn Wy (259)

One of the variables can be eliminated from the last equations. The following
equation may be obtained.

21 - 2n2
Wl Apg( - Aa“py) o
[l—uz—AaZpﬁ?‘]

=0 (260)

The frequency equation may be expressed as follows.

2 Apl?(l - Aang)
n [l—vz—Aasz?]

(261)

where

2 >

A

0
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Equation 258 is, in the final form

14

u, + Al;?'un = 0 (262)

The solution of this equation is written

u,(x) = Ajcos A x + By sinA, x (263)

The problem of free vibration may be solved by establishment of some applicable
boundary conditions. It can be seen from previous equations that the membrane theory
again gives a limited number of possibilities for the boundary conditions.

3.8 EXPLANATION OF BOUNDARY CONDITIONS IN THE CASE OF MEMBRANE
THEORY

Let the theory of beams serve as an example. Assume that the beam is loaded uni-
formly by load p (as shown in Figure 41). The deflection curve can then be investigated.

i 1 1 1 1 1 1

Figure 41, Uniformly Loaded Beam

The differential equation of deflection is

2 2
IEd—y = -M = --823(— +p X
dx2 2

Solution of this equation is

y=- 121E('2" -

N
IE IE
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The two constants can be evaluated from the boundary conditions that y(0) = 0 and
y(£) = 0. Since the differential equation is second order, the solution has two arbitrary
constants. In shell analysis the use of membrane theory leads to first-order differen-
tial equations for the forces and displacements, when static problems are discussed,
and therefore has only one arbitrary constant. With only one arbitrary constant, mem-
brane theory cannot satisfy all arbitrary boundary conditions and is therefore limited
in its application, for example: a half sphere loaded uniformly (see Figure 42).

Figure 42, Uniformly Loaded Half Sphere

It can be seen from the previous equations that the only boundary condition that can
be applied for the half sphere with the uniform load is v =0 and w =_pa_22(}1T‘h_yl = constant.
When other types of boundary conditions are to be applied, the combined membrane-
bending shell theory has to be used. To avoid any misunderstanding, the beam theory
served only as an illustration for the present shell problem, since everybody is fami-
liar with that. However, it can be stated that there is no real comparison between
beam theory and membrane-shell theory, since .entirely different approximations are
used (membrane-shells * membrane stresses, beam theory —* bending stresses). In
the case of dynamic problems, the membrane theory leads to second-order differential
equations, and, as a consequence, the applicable boundary conditions were increased.

3.9 PRACTICAL APPLICATIONS OF MEMBRANE SHELL DYNAMICS IN THE THEORY
OF MISSILES

Spherical, thin-walled bottles and spherical tanks have many practical applications in
aerospace vehicles. The problems related to these hardware applications are mainly
dynamics. Thus, any theoretical analysis has to be based on the concept of shell dy-
namics; therefore, the previous basic explanations have fundamental importance.
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4/GENERAL THEORY OF CYLINDRICAL SHELLS

The general theory of thin elastic shells takes into account both membrane and bending
effects. Thig theory can handle most of the desired boundary conditions; however, the
equations become quite lengthy. Because of its relative simplicity, the cylindrical
shell will serve as an example of this theory. Similar equations — but considerably
longer and more complicated ones — can be developed for any other shell geometry.
The symmetrically loaded cylindrical shell will be discussed first, with some examples.
The thermal and dynamic effects are usually coupled during missile flights; therefore,
the importance of thermal stresses in shells is discussed. Thermal stresses will also
be discussed in this chapter, as a practical application of theory for cylindrical shells.
Finally, the sign convention difference between Timoshenko and Fligge will also be
investigated (References 4 and 6), since overlooking this concept can be quite a

disturbing factor.

4.1 CYLINDRICAL SHELL 1.OADED SYMMETRICALLY IN THE CIRCUMFERENTIAL
DIRECTION

The cylinder is assumed to be loaded symmetrically in the circumferential direction.
This assumption is also valid for an element of the cylinder. Figure 43 shows the shell
element with the corresponding membrane forces, Ny and N(p, and the corresponding
bending moments, M, and My .

The following relations can be written, as the result of symmetry

Figure 43. Shell Element
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In this case, two force equilibrium equations and one moment equation can be written.
The forces in the x-direction are unchanged. (For further information, see Equations
90 and 126.)

The forces in the z-direction are
an
Np dpdx + Zadpdx + 5% adpdx = 0 (264)

The moment of the forces around the y-axis is

oM,
. adxdp - Qyadxdp = 0 (265)
Dividing these equations by ady dx, one has
ONy
3% -X (266)
°Q

1 X _

—a"N(p + = Z (267)
aMx

= - % =0 (268)

Equation 268 can be written

dMy

% = 3o (269)

The substitution of Equation 269 into Equation 267 leads to two equations of forces,
which are now modified by the bending theory.

ON

X
vl -X (270)
1 azMx
_N(P + = -Z (271)
a 3x2

4.2 EQUATION OF BENDING MOMENT IN TERMS OF DISPLACEMENT

The effects of bending moments on a cylindrical shell will be investigated. It will be
assumed that the external forces consist only of a pressure normal to the surface and
that the longitudinal force, Ny, is also equal to zero. If the force N, is different from
zero, the deformation and stress corresponding to such forces can be easily calculated
and superimposed on stresses and deformations produced by the lateral load. The
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following relations may therefore be written
(272)

The stress relation given by Equation 89 is still valid

E
g = —-—.—(( + V€
I A
(89)
E
g, = € Ve
(p (1 - 'lv}2)( (p + x) .

since

The strain can be expressed as a function of curvature change. Because of symme-
try, there is no change in curvature in the circumferential direction. The pure bend-

ing of beams leads to the following relations.

32
€x = —z)(_x = - Z——W
ax2
(273)
€(p=—Z)t(p=—Z 0 =20
where
%y = change of curvature in direction x

x(p = change of curvature in direction y
The substitution of Equation 273 into Equation 89, leads to

o = - E z——azw
X 1-v? a2

(274)

E
(83 = - Vz
® 1-v2) a2

The equation of bending moment may be derived from Figure 44.

h/2

Myadp = ( O,z dz) ado (275)
*h/2
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Figure 44, Shell Element with the Radius of Curvature

Equation 275 is expressed by Equation 274; the cancellation of expression "ado"
leads to

h/2
M, = -f/ B o, o __Ei (276)
X “h/2 1 - v2)  3x2 12(1 - v2) dx2
Since En3
D= ——— (277)
121 - v2
the bending moments are, in the final form
2
3w
B
2178)
32 (
M, = - vD %
ax2
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The longitudinal strain, €, may be expressed, from Equation 272 as

€ = -VE, (279)

The substitution of Equation 279 into Equation 89 and the use of expression 134 leads to

Eh 2 Ehw

Ny = ———— (€~ V“€,) = Eh€, = - (280)
The substitution of Equations 278 and 280 into Equation 271 yields the following
expression.

d

E—zh-w + D —4—2, = Z (281)

a ox

34w 4 Z

) + 48w = ) (282)
where

2
31 -
- _Eh _3-v) (283)
422D a2 h2

The general solution of Equation 283 can be expressed as

w(x) = eﬁx (C1 cos Bx + Cgsin Bx) + éBx(C3 cos Bx + C sin Bx) + £(x) (284)

4.3 EXAMPLES Qo

4.3.1 SHEAR FORCE AND

BENDING MOMENT. Figure 45 M V//////////L

shows a cylindrical shell loaded uni- —

formly by a shear force, Q,, and a ‘
bending moment, M, at one end. The — — \N—=X
cylinder is considered to be very long. \

If the cylinder is long the following
assumptions can be made. M [/////////

o

[
C; = Cy =0 (285) 'Q
(o]

Figure 45. Loaded Cylindrical Shell with
Moments and Shear Forces
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In this case there is no pressure, Z, distributed over the surface of the shell, and
f(x) = 0 in the general solution. Equation 284 can be expressed in this case as

w(x) = éBX(C3 cos Bx + Cy4 sin Bx) (286)

The two arbitrary constants can be obtained from the boundary conditions at the loaded
end and may be expressed as

oM 83
X W
Qx _-—é—;— = —D—3 = QO (287)
3x 1 x=0

azw
M, = -D— = M, (288)

dx

x=0
The solutions of the last equations are the following.
Cq = - —= (@, + BM,) C, = —2 (289)
3 283D ° 4 2g2p
The substitution of Equation 289 into Equation 286 leads to
oPx

w(x) = [ﬁMo(sin Bx - cos Bx) - Q. cos Bx) (290)

3 0

28°D
The maximum deflection is at the loaded end.
(BM, + Q)
= = -—— e 1

Wmax w(x) 283D (291)

x=0

4.3.2 CONCENTRATED FORCE LOADING. An infinitely long cylindrical shell

is loaded by a uniformly concentrated force system, as illustrated in Figure 46. The
problem is to calculate the deflection of the shell. If the cylindrical shell is long
enough and the load is far from the ends, the results of the previous example can be
used. The boundary conditions may be set based on the condition of symmetry.

dw

-&— = 0 (292)

Q, = E and
2 x=0
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2z
a
’ — —_—
1
Figure 46. Shell Loaded With Concentrated Force

The subatitution of Equation 286 into the boundary condition 292 leads to

dw

a = (C4-C3 =0

=0
Therefore
If Equations 289 and 292 are substituted into Equation 293, one obtains
1 (P M,
= - 8M ) S (294)
283D \2 °/ " 282D
The unknown bending moment, M, expressed from the last equation is
P
- = 2
M, = 3 (295)
The displacement function w(x) can be expressed as
§Bxp
w(x) = (sin Bx + cos Bx) (296)

883D

Figure 47 illustrates the results of the theory.
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Figure 47, Deflection, Slope, Bending Moment, and Shear Forces

4.3.3 PRESSURIZED SHELL. Figure 48 shows a cylindrical shell clamped at the
edges and pressurized with a uniform internal pressure. It is again assumed that the
shell is long enough that the previously developed equations can be used.

The unknown bending moment and shear force at the clamped edge can now be calculated.
The membrane stresses were expressed according to Equation 190

Q
1l
Il

N
L2 Bﬂa‘- = 20 (297)
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Figure 48, Pressurized Cylindrical Shell

The radial deflection can be obtained from membrane equations (280 and 190), with
the following assumptions: Ny = 0, X = 0 and Z = -p. The simple derivation yields

2
a
= &= (298)

T

-W =

N(pa
Eh

=

The boundary conditions at the edge can be expressed by Equations 291, 298, and 290.

2
1 _ ba
“omp O M%) < g @99
dw 1
—_— = @BM, +Qy) = 0 (300)
dx <=0 282D

The solutions of the last two equations are
M, = 2 Q = -> (301)
0 0 B

4.4 THERMAL STRESSES

The importance of edge effect due to thermal expansion will be discussed as an applica-
tion of the theory developed in Section 4.2. As an expansion of the present theory, the
approximate theory of laminated material (honeycomb) is also discussed.

4,4.1 BASIC PLATE EQUATION. The thermal expansion of a square plate is investi~
gated first. Figure 49 shows the general arrangement. The temperature difference
between the walls is At = t.
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m

=2
|

]
o
=2
l {

At =t

Figure 49. General Arrangement of Plate

A linear temperature change through the plate is assumed. The bending moment
can be expressed in the x-direction

M, = Dt +Vx,) = D(i+;"-) (302)

)
y rxy

It also may be assumed for a square plate

11 1 My
I S (303)
ry ry Dd+v
The stress-strain law for a beam element may be applied, in this case, as an
approximation (My =0)
E€x Ez d2w
g = —— = - — (304)
X 2 2 2
1 -v?) (1 - v% dx
The bending moment for an element may be expressed by Equation 304
h/2 2 h/2 9
d d
M, = f Oyzdz = - E ——;—’f z2dz = - E 5 ——ZI (305)
~h/2 a- Vz) dx2 o /9 1 - vé) dx
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where
h/2
(306)

1= z2 dz
“h/2
Figure 50 shows the cross-section of 3 homogenous plate element, and Figure 51

illustrates a honeycomb element.

A

et =5 =t

Figure 50. Cross-section of Plate Element

5h2
2

2
% =2 (6.1)(%) =

\H
-
2
o= ¢ =P |
o-,-‘—

Figure 51. Cross-Section of Honeycomb Element
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The modulus of cross-section is

Kk = L h2 309
x "2 6 (309)
The modulus of cross~section is, for a honeycomb plate
x = 2 6h
Kx = m = (310)

The strain from thermal expansion, as can seen in Figure49, can be expressed as

o M
at th X
‘thermal = 3 T E T EK, (311)
where « is the thermal expansion coefficient.
Introducing the beam approximation, the following relations can be obtained
(312)

My 3 My

1
r, IE E(K,h/2)

Substituting the expression of Mx/Ky from Equation 312 into Equation 311 one has

(313)

Since the bending moments are acting in an orthogonal direction for a plate or a
shell, Equation 313 may be expressed by the use of Equation 303 in the following form

M
h DA +v)
From Equation 314, the expression of bending moment, M,, is
_oatD(1+v)
My = —— (315)
The thermal stress has been obtained from Equation 315 as
(316)

o -Mx _ atD@+v)
x ~ K, hK,,
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The expression D is designated the homogenous plate and D* the honeycomb element.
For D and D* the following expressions can be written

3
a - v?) 121 - v?
2
D* = ____E__I* = _E_hd_ (318)
1 -v2 2(1 - V2)

The thermal stress for a homogenous plate can be written, based on Equations 316,
317 and 309 as

atE
Ox = 2(1-v) (319)

The thermal stress for a honeycomb plate can be obtained from Equations 316, 318,
and 310.

atD*(1 +v)  otE (320)

X hK2 21 -v)

Conclusion. The thermal stresses are the same for a honeycomb and a homogenous
plate, assuming the same material constants and thicknesses.

Equations 319 and 320 can be used as an approximation for a cylindrical shell when
the thermal stress is induced by a linear temperature difference through the wall.
This expression for the thermal stress does not take into account the edge effect,
which can be significant (see Figure 52).

Figure 52. Long Cylinder
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4.4.2 THE EFFECT OF BOUNDARY CONDITIONS. Figure 53 shows a clamped
boundary condition. The radial deformation of the cylinder is due to thermal effects.

d = a€y... = aat (321)
where
a = radius of the cylinder
Q
0
L oom=ms =%
Z_ TL NJ
M / 2a DEFORMED SHAPE
o / l
~ A\l 7
7

Figure 53, Clamped Boundary Condition of Cylindrical Shell

The unknown bending moment, M,, and shear force, Q,, can be calculated from
Equations 299 and 300.

1
YT BMy + Q) = aat (322)
2BM, +Q,) = 0 (323)

The solutions of these equations are

M, = 28%Daat (324)
Q, = -4B%Daat (325)
The boundary conditions can be written
Ml _, = M, Mol o = VMl = v (326)
Eh
Ny Ix: 0 = "5 d (327)
84
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4.4.3 HONEYCOMB STRUCTURE.
honeycomb structure. The following equations can be obtained

Erx dPw o dw

dx

Mx = T @ -12) ax2

where
2

D* = _}.3_5}1__ (318)

2(1 - v2)

The substitution of Equations 328 and 329 into Equation 271 leads to

a*w  2E6
+ w = —

dx4 a2 D*

or
Z

4

d*w

LV aptw ==
dx? D*

where
E6 _ @a- uz)

ZazD* ::12h2

The shear force, Q_., can be obtained by substituting Equations 318 and 332 into

0

28E at

Equation 325.
3 h 1/2
- 48°D*aqat = - ( )
a- V2)1/4

a

Q, =

An approximate formula for the shear stress in the core may be written

;- 39 _ 280 F ot
h (ah)l/z a- v2)1/4
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(328)

(329)

(330)

(331)

(332)

(333)
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4.4.3.1 Stresses in the Circumferential Direction. Application of Equation 321 to

Equation 298 leads to

N(p = -gﬁgaat = -2Ebot
a

When Equations 318 and 332 are substituted into Equation 324 one has

Eblhat

a- V2)1/2

M, = 28°D*aat -

The bending moment, MKD' can be calculated from Equation 326

VEShat

L= vMy| = oM, =
Mo =0 x=0 ° .2

The stress, O(p’ has three components in the circumferential direction

Eat

g ~F —

©1 2dl-v) = X

O~ = =
AN

N

g = —0 = ~
©3 25 E ot

VM, VE at
¥

s

Figure 54 shows the stresses separately.

The maximum stress, °<p’ is in the circumferential direction

Eat 1-v
g, = = - —_— -
©lmax = %01 * %, * oy 2(1 - v) [1 AT V)]

Assuming Poisson's ratio, v=0.17

Eat | Eat l
0 - - . ~ -
(,D| a )[1 +0.286 +1 66] > -3 21 )

The last equation shows that the clamped edge can triple the thermal stress.

problems can be found in Reference 4, pages 497-501.
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Figure 54, Illustration of Thermal Stresses

One has to be aware that the previously developed formulas of thermal stresses are

approximately valid, as long as the theoretical assumptions approximate the physical
reality.

4.4.4 EXAMPLE, THERMAL STRESS CALCULATION. A long, clamped honeycomb
cylindrical shell has the following physical properties:

a
b.

-Q- [¢]

h

Modulus of elasticity, E = 3.2 x 106 1b/in2

Radius of cylinder, a = 21.5 in.

Poisson's ratio, ¥ = 0.17

Shell thickness, h=1.75 in,

Skin thickness, 6 = 0,045 in.

Thermal expansion coefficient, @ = 4.93 X 10% in. /in.° F
Temperature difference, t = At = 300° F
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The thermal stresses can be calculated as follows. First, calculate the maximum
shear stress in the core. Second, calculate the maximum circumferential stress at the
clamped edge. The shear stress in the core can be computed by Equation 334,

; .2 X 106)(4, 93 x 10-6
Teore = (0.09)(3. 2 101)/(; 93 X 10 )1(/3:0)= 70 1b/in
(21.5 X 1.75) ' %

1-0.172)

Ifa=14.8in., T = 84 1b/in.2 .

core

The maximum circumferential stress was computed from Equations 338 and 341.

(3.2 x 10%)(4.93 x 106)(300) _

.2
ag = = .
0 21 - 0.17) 2850 1b/in
_ _ .2
O max = 2-946 X 2850 = 8400 1b/in:

4.5 COMBINED BENDING - MEMBRANE THEOQRY OF CYLINDRICAL SHELLS

The theory discussed up to now was restricted to the case of a uniform force distribu-
tion in the circumferential direction. The present theory will discuss the problem in
general. Figure 55 shows the forces, and Figure 56 illustrates the bending and
twisting moments on the same shell element.

N +
X ax

d
( 3N ) (N + 20 dx)
X dx X ox

Figure 55, Cylindrical Shell Element Under General Loading
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Figure 56. Bending and Twisting Moments

The equation of forces in direction x is identical with Equation 93; therefore, the

final result of the calculation is

aNx 1 aN(;'Jx
% + -a-—az— = -X (343)

The forces in the direction y were written baged on Figures 55 and 57a

(v 5520}t (M + —520x)
N(p + —BTE_d('D x—N(pdx + qu_.J * T3k dx Jadp - Nyp ade

(344)

3
do ( o ) do _
-Q(pdxz- Q¢+Btp d(pdx2+Yad(pdx—0

89



Figure 57. Directional Forces

Neglecting a second-order shear term, in the final form, Equation 344 is

1M Mo S (345)
a o 3% a

The forces in the direction z can be obtained, based on Figures 55 and 57b

°Qp

l®)
<Qx + —é;:—{dx)adqo - Qxadtp + (Q<P + 30 dqo)dx - Q<pdx

+ N(Pckpdx + Zadpdx = 0 (346)

Since several terms were cancelled out in Equation 346, the calculation yields finally

BQX BQSD N
1 o
x "o Ta o 2 (547)

The moments around the x-axis may be obtained, based on Figures 55 and 56

aM(p oM

(M‘@ + 30 dqo)dx - M¢dx - (Mx(p + axx(p dx)ad(p

+ Mx(pad(,o ~ Q(pdxad(p =0 (348)
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Equation 348 is, in its final form
_._._—————_Q(p=0 (349)

The moments around the y-axis can be written based on Figures 55 and 56

M ' My
(Mx + ~—a—x-’5dx)ad(p - Myadp + (wa * 5o d(,o)dx
- wadx - Qqadpdx = 0 (350)

Cancelling out several terms, Equation 350 is, in its final form

3M
X 1 Mqox
3x ' a -Q =0 (351)

A sixth equation representing the moments around a radius of the cylinder may be
obtained

Nx(pad(pdx - N(pxdxadcp + M(pxdxdtp =0 (352)

Equation 352 is, in its final form

Mex _ (353)

Nx(.D-N(px+a =

Some authors have neglected the last term in this equation, as a second-order quantity;
therefore, Equation 353 may be modified as
(354)

Nyp = Nex

(For a further explanation of Equation 352, see Figures 55 and 56.)

The substitution of the shear force Qp in the terms of moments (from Equation 349)
into Equation 345 leads to

laiP,La_I‘I.X‘E_LaM‘PJr}_aM’“P - .Y (355)
a 3p 3x 2 %0 | a ox

The shear forces Qx and Q<P can be eliminated from Equation 347 by the use of
Equations 349 and 351. One then has
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2 adx0p ' 2 302 aoxde Ta 2 (356)

Summary. The three equilibrium equations of the shell element were expressed in
terms of moments and membrane forces.

ON ON

_x 1 77ox

R (357)
3

1M Mep 1 Mg 1M (358)
a 3p ox a‘2 3 a 9x

2 2 2 2

My 17 Mex 1 0Mp 17 M N 359
32 8 3x30 o2 ap2  a 3x3@ & (359)

The two auxiliary equations for shear forces and the one for the membrane shear
force can be expressed from Equations 349, 351, 353 and 354

1 BM,p aMx(p
W =230 T T (360)
Q = a&( +i% 361
x T 3x & dp (361)
M
©x
Nyp = Ny + — or Nep = Ny (362)

4.5.1 SIGN CONVENTION DIFFERENCE BETWEEN TIMOSHENKO AND FLUGGE.
Figure 58 shows the sign convention for moments of Timoshenko and Figure 59 for
Flugge.

The sign convention of the shear forces, Q(p and Qy, are also opposite; however, the
opposite direction of axis z cancels out the effect. Figure 60 illustrates the differences.

Comparison of the two authors' works can easily lead to confusion since their equa~
tions are different in signs.  The following transformations can be introduced to
compare the same equations

ZT = - ZF
Myply = - Myolp
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TIMOSHENKO

Figure 58. Sign Convention (Timoshenko)

4.5.2 STRAIN-DISPLACEMENT RELATIONS. The membrane theory considered
only the stretching and compressing effect of the middie surface of the shell element.
This theory ignored the stress variation through the thickness of the shell. The
membrane-bending theory will correct this error. The deformation of the shell is
illustrated by Figures 61 and 62.

The cylindrical shell is defined by radius a and thicknéss h. Figures 61 and 62
show only half of the shell thickness. An arbitrary point A is located in the middle
surface and an arbitrary point A is located a distance z from the middle surface. The
membrane theory considers only the deformation of point A on the middle surface.
The combined theory will be defined by the deformation of point A, which includes the
membrane deformation and an additional rotation. The following assumptions were
made:

a. All points lying on a normal to the middle surface before deformation are in the
same position after deformation.

b. The distance AjA is unchanged after deformation, which means the stress 0, in the

z-direction may be considered negligible compared with the stresses 04 and Op-
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FLUGGE

Figure 59. Sign Convention (Flugge)

TIMOSHENKO

FLUGGE

Figure 60, Shear Force and Displacement Conventions
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Figure 61. Shell Deformation in Radial Direction

Figure 62, Shell Deformation in Circumferential Direction
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Let the undeformed state be designated by the unprimed letters and the deformed
state by primed ones. Figure 61 illustrates a section of the cylinder along a generator.
The displacement, u A of point A is therefore equal to the _d_i_splacement, u, of point
A, minus the distance A is shifted back by the rotation of A A

uA=A_0A(')-zsin(p=u—zT (364)

The circumferential displacement, v A can be derived from the transverse section
of the shell, as illustrated by Figur:e_ﬁz. The point A,lis displaced by v along the mid-
dle surface, and since the normal A A stays normal to_this surface, the point A is
displaced by v(a_ Z The rofation of the normal is % %‘M, and it produces an addi-
tional displacement, - ﬁ % . The displacement of point A in the circumferential
direction is

a-z) _zdw
a dp

vA=v( 3 )—zsin(p=v( (365)

The distance ﬂo is unchanged during deformation because of assumption b. and
because the slope of the deformation is small compared with unity. Furthermore, the

displacements are also small compared with the radii of curvature of the middle sur-
face. For these reasons, the following equation can be written

LA N (366)

Since the motion of point A considered the elongation and rotation simultaneously, the
equations derived for membrane theory may be used with the replacement of a with
(a-2).

The longitudinal strain can be derived by the substitution of Equation 364 into Equation
131.

du 2
A _ du w
“ T T o2 ©6n

The circumferential strain was calculated similarly; the substitution of Equations 365
and 366 into Equation 134 leads to

(368)

€ =
2 a-z

1 (aVA ) _lov w 2 3w
30 " VAl Ta% " (a-2  a@-2 32
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Similarly, the shear-strain may be derived from Equations 135, 364 and 365

au Bv 1 3 - 3 82
1 A A u  (a z)__w_/__(z z ) W (369)

E+a—z 3x 3

Yxp = (a - 2z) 3 = (a - z) 3@ a Ox

4.5.3 FORCES AND MOMENTS IN TERMS OF DISPLACEMENTS. The forces and
moments may be derived based on Figure 63. It is necessary to consider, first, an
element in the crogs-section (such an element has been shaded in Figure 63).

@ - 2)

® ado

Figure 63, Cross Section of Shell Element with Stresses
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Because of the curvature of the shell, its width is not simply ady, but ady ____(a;z).

The force in the direction x may now be written ;

h/2
_ (a - 2z)
N, (adp) = -_{/ 2 o (adp) 22 dz (370)

Since the factor (ady) on both sides is dropped, a relation is derived between the force
Ny and stress 0,. Equation 370 can be expressed

b/2 a-2z
N, = f a( - )dz (371)
“h/2
The rest of the forces were obtained from similar derivations
h/2 h/2 a2 h/2
Ny = O,dz, N = T dz, Ny, = T dz (372)
© / © x© f xo(~5) ox f
Yh/2 “h/2 2 Sz

The change of curvature has again been considered in the calculation of moments.
The width of the shaded element is ad@ (_9;?1&) and this was applied to obtain the bending
moment, M,

h/z a-2z
M, (ad@) = f o, (adp) (_E’_) 2dz (373)
“h/2

The cancellation of the common factor ady leads to the expression of bending
moment, M,

h/2 @ - 2)
My = f Og——p—2dz (374)
~h/2
The bending moment, , and furthermore, the twisting moments, My and M¢x, can
be calculated similarly
h/2 h/2 (a-7) h/2
= o .zdz, M = - T — zdz, M . = TnZ dz (375)
My f %% Myo f P ox f ox
“h/2 “h/2 a “h/2

There is no change of curvature of the strip element; consequently, the term repre-
senting this effect is unity. The stress-strain relations can still be obtained from the
equations of membrane theory, since the stress, 0,, is assumed to be small compared
with the others. These equations can be written as
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-— E A
Ux = (1_——;—2—)-(€x+ Uf(p)
E
Op = (1—_;:—2—) (€p + V€L ( (376)
Teo = G Yo ]

The substitution of Equations 367 and 368 into Equation 376 and again into Equation
371 leads to expressions for forces. The stress Oy is

_ El(ég_«*ﬁv) lav 2 2w _w
o, = pA +Vaa(,0 a(a-z)a(,DZ-(a-z) (377)

The force Ny is, from the previous considerations

h/2 2 .2
- ) 3 h™ 9

N e T S B = @18)
“h/2 2 @1 -vHlex @ 2 dx

The following calculation will show the treatment of logarithmic functions. The sub-
stitution of Equations 367 and 368 into Equation 376 and again into Equation 372 leads to
the expression of force, N(p

E h/2 1 0v z 22w w du azw
N(pz.____/ v - +Vg——z— dz (379)
1- Uz)-h/z adp a(a-z)3p2 a-z X %2
The integration of this equation leads to
13 3
N(p = —E—z—;—-a—vz + win(a- z) + va—u-
(1 -y ) a X
132w h/2
+——|z + am@-z) (380)
2 %p ~h/2

It is well known from the series expansion of the logarithmic function that

m(E1=X) - -2 13+—x—+ ) 381
( )—-(x+3 5 ( )

w

1+x
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In the present case, the following relation can be written

( _L) 3

h h
}Zn—————ii=-2[-2—+ 3+....] (382)

2a

where

h

<
0 23 1

The rest of the terms were neglected as second-order quantities.

The application of Series 382 into Equation 380 leads to
3

Eh 1/dv ) au] Eh ( a2w)
= —_|=(= - —| - 3
N @- uz)[a(&P V)TV 121 - v2)ad e 2 ©83)

The bending moments My and Mw can be calculated easily also

3 2 2
d 9 o) 3
M, =___E_h_2_§_;f+z(a_v +_W)+_1§2} 384)
12(1 -v%){ 3x a2\30 302/ adx
3 2 2
o) 3
M, = _Eh |1 (we2%) - _zz (385)
12(1 -12) | a2 32 ax2

The comparison of these equations with Reference 6, page 214 shows opposite signs
in the terms of displacement, w. This difference can be found in the opposite sign
convention of displacement w, as it was referenced in Subsection 4.5.1.

4.5.4 SIMPLIFIED EQUATIONS AND DONNELL'S DIFFERENTIAL EQUATIONS QF
EQUILIBRIUM. In some cases the simplification of the general equations can be
obtained; however, there is no golden rule for the general applications of the approxi-
mate equations. The basis of the following equations is to neglect terms which were
generated from the curvature change (terms z/a). The equations of forces are, in
their simplified forms

Eh
Ny = ———(€_+Vey,), N, = (€Ep+ VE,), N,o= N, = Ghy (386)
X 1-12) X © © (l—vz) © x)? Sxp ©x xp
where
du 1/3v l1du v
*=3x' ‘o z(s:p'“’)’ %0 = 3% T 3x (387)



In Equation 386 the shear forces, Nxo and N¢x, are equal, which assumes that the
twisting moment, M,p, is also zero in Equation 353. This approximation can sometimes
lead to a contradiction. Equation 386, in this simplified case, represents the membrane

forces. The bending and twisting moments, in the simplified case, are

3
Eh
M, = -—-——————[xx+ vu(p]

12(1 - v2)

_ Eh3 x]
Mp = '12(1-:/2)[”90 * Vg

M E h3
xp = Mpx = 12(1 + v) X0

where
32
)(x = _.._“,_
dx
y “ih+fg

y _%E+EL>
XP ~ a\dx dxdp

(388)

(389)

4.5.4.1 Donnell's Differential Equations of Equilibrium. A simplified form of shell
equation may be derived based on Donnell's assumptions. The substitution of Equations
386 and 388 into Equations 357, 358 and 359 yields the three differential equations of
equilibrium. Equation 391 was derived by neglecting the terms of bending theory or the
terms containing h2. Neglecting the third-order circumferential displacement terms,

v, from Equation 392, a third equation was obtained in a final form.

1—u282 1+y) 3% vdw _ X1 -3

axz 242 a(p2 2a 3x9dp aodx Eh

a+v) 82u+a(1—u)82 +132 13w _ Y@ -vPa
2 dxdp 2 %2 a3 adop - Eh

Ju 1w hz(a4w+g *w_ a4w)=_za(1-u2)
X a 90 a 12 X 4 a a¢28x2 a3a‘p4 Eh
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5/FREE VIBRATION OF CYLINDRICAL SHELLS
WITH MEMBRANE-~BENDING THEORY

The free vibration of cylindrical shells can be discussed on the basis of the theory of
Section 4. The general theory of cylindrical shells enables us to investigate the effects
of different edge conditions and the circumferential waves of the mode shapes. Three
typical papers are reviewed. Each of them reported the solutions from different points
of view:

a. The first paper (Reference 14) used Donnell's equations, and the frequency and
mode shape equations were developed for relatively long cylinders. The applicable
numbers of edge conditions are limited.

b. The second paper (Reference 15) utilized the general equations of cylindrical shells.
The frequency and mode shape equations were developed, their solutions having
been based on a numerical iteration scheme. Ten different edge conditions were
discussed.

¢. The third paper (Reference 16) discusses the energy method via Lagrange's equa-
tion of motion. The validity of the theory was also demonstrated by experiments.

5.1 A REVIEW OF YU'S PAPER: "FREE VIBRATIONS OF THIN CYLINDRICAL
SHELLS HAVING FINITE LENGTH WITH FREELY SUPPORTED AND CLAMPED
EDGES" (REFERENCE 14)

5.1.1 SUMMARY. The free vibrations of thin cylindrical shells are investigated on
the basis of Donnell's approximate equations. A simplifying assumption was introduced
for relatively long cylinders, and a simple solution was developed for the mode shapes.
In this manner the frequency equation is also simplified. Three different edge condi-
tions were discussed: 1) both edges simply supported, 2) one edge simply supported
and the other clamped, and, finally, 3) both edges clamped. The frequencies are the
highest for the clamped-clamped case, the lowest are for the simply supported case,
and the frequencies of the clamped-simply supported case are between the two other
cases. As a result of approximations, the characteristic equations for the three cases
are found to be similar to the frequency equations for the lateral vibration of beams
with similar end conditions, modified by the circumferential wave numbers. The applic-
able number of edge conditions are limited due to the approximations used in the devel-
opment of the theory.

5.1.2 EXPLANATION OF THE THEORY. In the case of free vibration, the external
forces can be expressed in terms of inertial forces

2 2 2
3% % A%

X = -ph——, Y = -ph—, Z = -ph——— 393
3t2 P 3t2 dt2 (599)
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The substitution of Equation 393 into Equations 343, 345 and 347 leads to the first
three equations of Yu's Equation 1. The fourth equation of Yu is the same as Equation
349 of this monograph, the fifth is the same as Equation 351, and the sixth is the same
as Equation 354 of this monograph. Equation 3 of the paper is identical to Equations
390, 391 and 392 of the monograph, when Equation 393 is substituted into these equa-
tions. Equations 3, 4 and 5 of the paper are cited here

ﬂ+ 1-nd¥u @+ B2y vow _ @-vh % (3]
%2 952 a(pz 2a O0xd adx E ot2

a+y % a-ndy 1% 1w a-vh) (4]

2a Ox9¢ 2 3x2 aZ a<p2 3_2 f=1%] E 212
2 2. 52

vou 1 dv w h%_4 (1-v79) o%w

12, X ¥ _2 v = L -7 )27

adx 2230 L2 125 E P32 (5]

where

2 2 2 2
v4=v2-v2=(—a—+ 0 )(E_+__a )
ox2 22202 \3x2 | L2ag2

2 2 2
) d 9
Applying 3x2° 2232 and 8_1;2 to Equation 3, solving in each case for the term

involving v, and substituting these expressions in the equation obtained by applying
2

2 B?c 0 to Equation 4, the following equation was obtained.
4 vady 1 3w 2(1 + V) 32 a- V2) 32y
Vi - = + = = - p—|——p—
a 3x3 a3 dx dp2 E a2 E 3t2
- Vo
I CRLIE= AL
2 a ox
2 32 22
Similarly, applying 32’ 223 402 and 32 to Equation 4, solving in eealgh case for the
term involving u, and substituting these in Equation 3 (after applying 2 3% 90 to it), one
obtains
o, _ 2+ w1 3%w 2(1+u)p_ai[(1—u2)p§fy
a2 3x23p at 33 E 32l E T a2
S B-Mge, (LW oy
2 a2 Fo100)
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It can be seen that v was eliminated from Equation 6 and u from Equation 7. A third
equation can be derived, which contains only w as an independent variable. Applying

1 o
to Equation 6 and 5 22 30 to Equation 7, and adding the results, the resulting equa-

dx
a vou 1 dv
tion contains terms w and ( aox T 2 a‘p) The resulting equation can be expressed in
terms of w, since the expression (—"f gu + L E!) was obtained from Equation 5, as the
X g2 0Q

function of w, The derivation yields finally

Wt A — 32 5

h? 8 -3ty _ 2+ “: -2 3% 3.y 2]
— = 2 - — V
a2 % E dt E

2 2 2
Jed v wos ] a-nca 1222w 1 2w
[ E Paz "zt vtz Vvt 25x2+4a(p2 o]

The problem of free vibration was reduced now for the solutions of Equations 6, 7
and 9. It is assumed that the shell vibrates with normal modes and with an angular fre-
quency, w. The displacement components, u, v and w, are proportional to a simple
harmonic function of wt. The displacement functions must also be periodic in ¢ with
period 2 T; therefore, its components must be proportional to the sine or cosine of
multiples of ¢. Equations 6, 7, and 9 can be satisfied generally with the following
functions.

X
8, \¥ _ ,
u = ZAie cos mY sin wt
i=1
8 A=
i
v = ZBie % sin m¢ sin wt [10]
i=1
8 X X
w=ZCie zcosm(psmwt J

~
N
—

in which £ is the length of the cylinder, m is an arbitrarily chosen positive integer
equal to the number of circumferential waves, Aj are the characteristic values of the
eigenfunctions, and A;, B, and C; are constant coefficients. Since Equation 9 is eighth-
order and its auxiliary equations are of the eighth degree and have eight roots, each of
the foregoing summations contains eight terms. This is the explanation of the summa-
tion of Equation 10. The substitution of Equation 10 into Equations 6, 7 and 9 leads to
lengthy equations which can be solved by some numerical technique. For the sake of
simplicity, our investigation is restricted to relatively long cylinders. In this case,
the following assumption may be made
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—_— <L
Y 1 [14]

The use of Inequality 14 reduces these lengthy equations to the following form

Aj = CiyME (i=1,23,4) (15]
B; = C;N (i=1,2,3,4) [16]
Ayt 3 o2 2 4
(l—V)(l—vz)(T) = 20°-Q°[2+(3-vym“ + 2km"*]
+ QLA -vym?m2 +1) + 8-1»kmb] - (1-v)km® [17]
where
2
K- _h
12a2

2
Q= a-v —EV )pazwz

20 + (1 - v)m?

M =
22 - 3-vym?2Q + (1 -v)m?

-2mf + (1 —V)m3
202 - 3-1ym?2Q+ 1 -vym?

N:

Equation 17 is the frequency equation, and a specified boundary condition, )\i, is
determined; thereafter, the single unknown will be £, which contains the frequency.
Since Equation 17 is fourth-order, the summation of Equation 10 has to also be reduced
to four. Therefore, Equation 10 has four sets of values of Aj, By, and C;. The root of
Aj can be obtained in the form

)\1 = —>\2 = K and >\3 = —X4 = iK [18]

where K is a real number.
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By the use of Equations 15 and 16, the displacement functions ran be written

4 A_l}—
u = %MZCiXie zcos mey sin wt
i=1
4 Al
v = NZ Cieiz sin m¢ sin wt ( [10%]
i=1
4 PR
W=ZCie1£cosm<psinwt )
i=1

5.1.3 SHELLS WITH BOTH EDGES SIMPLY SUPPORTED. The boundary conditions
for this case are

v=w=DM =0 at x = 0 and x = 4

In the expression of bending moment, My, the term—l2 %(% was neglected as a second-
order quantity; therefore a

3 2 2
0 vV o
M, - Eh ( W w)
)

— + —_—
12(1 - ¥2)\3x2 a2 3p2

The substitution of displacement functions 10* into the boundary conditions lead to

4
w|x=0: VIx=0= 0 Zci=0
i=1
and 4 \
— — 1 _
wl = vl _ =0 Zcie =0
i=1
( f19]
4 2
Myl _ = © Do =0
i=1
and 4 , )\1
Ngc'x:ﬂ— 0 _Zlcikl et =0 J
1:

107



Figure 64 shows the general arrangement

Figure 64, Tlustration of Edge Conditions for Simply Supported Shell

The equations represent the boundary conditions and have two sets of unknown quan-
tities, )‘i and Ci' To find Xi, Equation10*was substituted into the boundary conditions;
the non-trivial solution of the homogeneous equation system requires that the deter-
minant of the system must be zero

1 1 1 1
eK e—K eiK e—lK
=0
K2 K2 K2 _K?
KzeK K2e-K _KZeiK K2e-iK
The solution of the determinant is
4 .
16iK sinh K sin K = 0 [20]
Equation 20 is equivalent to
sinK = 0 [20%]

The characteristic values of K are therefore given by
K =nTm

where n=1,2,3 ...
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The roots of Ai are

A; = n7 Ag = -nT Ag = inm Ay = -inT
By substituting )‘1 in Equation 17, the frequency equation becomes
268 - Q22+ (3-vym2+2km?] + QLA - vym2 m? + 1)

4
+ 3-»kmbl - a-ykmd - a-ya- uz)(ll%) =0 [21]

By use of a chosen value of n and m, the frequency can be obtained easily from the last
equation.

Any three of the coefficients Ci may be put in terms of the fourth one by substituting
the values \; just obtained into any three of Equation 19; the solution is

C; =C =0 and Cqy = -C4

The displacement components can be written by the use of Equations 15, 16 and 10*

nT mTX
u = MC Ea cos n_E_ cos m sin 't )
. nTx . .
v = NC sin—~ sin m¢ sin wt . (22]
. nTx X
w = C sin 1 cos m¢ sin wt J

where C is an arbitrary constant.

5.1.4 SHELLS WITH BOTH EDGES
CLAMPED. Figure 65 illustrates the
general arrangement

The boundary conditions can be satis-
fied without difficulty

AN\ \\T\\\

ANTANNNNANN

—— £ -
ow
u=v =w = 3% =0
at Figure 65, TNlustration of Edge Condition
for Clamped Shell
x =0 and x = £
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When displacement functions 10* are substituted into the boundary conditions, the
following equations can be written

4 4
v|=w|-—0 ZC—Oandvl l }:Cieki=0
x=0 x=0 i=1 x=4 x—!l i=1
(267
4
-a;=u|= ECA—Oand——'=u| ZC)\el—O
x=0 x=0 i=1 x_l x=4

With the previous considerations, the determinant of the homogeneous equation
system is

1 1 1 1
eK e—K eiK e—iK
=0
K -K iK -iK
K eK -K e"K ik e'K -iK e_iK
The solution of the determinant is
8iK%(cos K coshK - 1) = 0 [27]
or
(cosKcoshK-1) = 0
Let K assume the form
K=n'n
The solution of Equation 27 yields the values of n’
n’ = 1.500, 2.500, 3.500, etc.
The four roots of A; are
Al = —Xz = nl‘ﬂ' and )-3 = —X4 = in"IT

The substitution of the last equation into Equation 17 results in the frequency equation.
The values of C; can be derived as in the previous case; the displacement functions are
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w = 2C;[(sinh n’m - sinn’m
’
- T
- (cosh n'm - cos n'm] 1 [(sinh n'm - sin n'm (coshn n %
n'mTx n'Tx n’'mx
- cos— )- (cosh n’m - cos n'ﬂ)(sinh—z- - sin 2 )] cos m¢¥ sin wt
> [29]
dw
u Ma 3%
Na ow
V = - —
m 98 J

5.1.5 SHELLS WITH ONE EDGE SIMPLY SUPPORTED AND THE OTHER EDGE
CLAMPED. Figure 66 illustrates the boundary conditions.

The boundary conditions are

which lead to

26 -0, 2o =0

1

2 ceM = 0, 2 C; A€ i=0
1 1

(i=1,23,4)

/ Equating the determinant of the coeffi-
/ cients of C; to zero yields
tan K - tanh K = 0 [30]
ﬁ
X
- 2a 2 the roots of which are
/ K - rllln
[ . , p
% with the consecutive values of n° equal to
- £ -1 1.250, 2.250, 3.250, 4.250, ...

Figure 66, Illustration of Edge Conditions
for Clamped Simply Supported
Shell 111



The four roots of A; are therefore
A4 = "in”‘"
To illustrate the theory, Professor Hoppmann's model and test results were used.

The following constants were considered

1.9575 in. h = 0.065 in. E = 10 X107 1b/in.2

Il

a

I

£ 0.35

15.53 in. v

Table 4 shows the test results (upper right numbers) and the results of theoretical cal-
culation (lower left numbers). The "%'" refers to the error between the theory and test

results.
Table 4, Experimental and Theoretical Frequencies of Simply Supported Case

(Frequencies in Hz)

5.1.6 CONCLUSIONS.

" 1 2 3 4
m
742 1880 — -
2 12% 27%
832 2395 5480 12, 900
1330 1740 2470 —
3 10% 3.7% 15%
1460 1805 2850 4640
2480 2680 3040 3710
4 5% 0% -1.5% -2.5%
2610 2680 2990 3620
4060 4120 4340 4780
5 1% 0.5% -3.2% -8.3%
4120 4140 4210 4420

The paper reduced the free vibration of a thin cylindrical

shell to the longitudinal direction for beam modes and to circumferential direction waves.
The merit of the paper is its simplicity, the drawback of the theory is its limitations.
The theory may be used for thin cylindrical shells with a length-to-radius ratio of

£L/a z 4.
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5.2 A REVIEW OF FORSBERG'S PAPER: "INFLUENCE OF BOUNDARY CONDITIONS
ON THE MODAL CHARACTERISTICS OF THIN CYLINDRICAL SHE LLS"
(REFERENCE 15)

5.2.1 SUMMARY. The theory has investigated all sixteen sets of homogeneous bound-
ary conditions at each end of the shell. The equations of motion of the cylindrical shell
were developed from Fligge's shell equations. The general solution of these equations
was derived; however, the evaluation of the integration constants was obtained by
numerical integration. With given sets of boundary conditions, length of cylinder, and
an assumed circumferential modal pattern, a numerical iteration can be performed to
find the frequency of vibration which will meet these conditions. The paper made an
extensive parameter study and covered a great range of the variables. The paper also
showed the peculiar frequency dip which was discovered previously by Arnold and
Warburton. The frequency has been determined to six significant figures; such accu-
racy was necessary in order to obtain accurate values for the mode shapes. The
numerical computation was done on an IBM 7094 computer.

5.2.2 EXPLANATION OF THE THEORY. Equation 1 of the paper can be derived
from Equations 357 through 361; furthermore, Equation 393 is used to arrive at the
equilibrium condition of the shell element. The sixth equation was derived from the
moment equilibrium around the radius of the cylinder by Equation 353. All the equa-
tions have to be changed to Flugge's notation, Subsection 4.5.1, to agree with the paper.
(The last statement is related to Equations 357 through 361.) The strain-displacement
equations of the paper can be expressed from Equations 378 through 385, etc. Again
the sign convention of Flugge has to be considered.

The differential equations of motion can be written, based on the previous substitutions

2
] 74 - - d N
Vv/._ /+1 v /+VW/— 2 U.:O

1~-v . 1+
u”+—é—(1+k)u =

1+V\ » . 1-V v 3=V 4 . 32y _
( 5 )u +V +—E—(1+3k)v— 2 kw +w-)’zat2 =
g (1]
-ku”+ 1=V ™+ v’ - ——3;vkv”'+v'+ w
2
. . . o
+k[wN+2w +w T+ 2w +w]+ —X -0
d3t2
J
where
¢ 2() o _ 90
() "—a—;' () = P
2 = pal( - v? K o 12
E ’ 1222



The general solution of Equation 1 can be written similarly, as was done in Refer-
ence 14, Equation 10. It can be proved that Equation 1 can also be reduced to an eighth-
order equation of displacement, w. The general solution is

3\

8
AX ;
u = E agAge 5% cos n(pelwt
s=1
8 A X i
v = Z B A es sin np el®t ( [2]
s=1
8 AoX i
w = 2 Age 5" cos np et®t
s=1 J

The substitution of Equation 2 into 1 yields an eighth-order algebraic equation for )‘s
8 6 4 2
As T Bgghs t Bgars * Bgahg * 8g0 = O (3]

where

8sk = gsk(h/a, v, n, w)

It can be shown that the solution of Equation 3 for vibration problems can always be
expressed

A = #a, *ib, *(c £id)

where a, b, ¢, and d are real quantities. The displacement w can be expressed, based
on Equation 1 and the last equation.

w = [Cleax + Cze—alX + C3cos bx + C4sin bx
cx .
+ e (Cgcos dx + Cgsin dx)

+ e—CX(C7 cos dx + Cgsin dx)] cos nyY ot (4]

Similar expressions can be derived for displacements u and v. Equation 4 has been
rewritten so that the complex constants, Ag, have been replaced by real constants, C
The equations of displacements, u and v, involve combinations of the constants, Cgq»

s
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the real and imaginary parts of Og and BS. Since og and Bs depend on )\s, h/a, V, n
and w, after the solution of Equation 3 is obtained, &g and Bs can be evaluated.

5.2.3 BOUNDARY CONDITIONS. The author uses Kirckhoff's definition in formulating
the boundary conditions. The normal shear force, Sx’ may be expressed by the com-
binations of shear force, Qy, and twisting moment, My furthermore, the tangential
shear force, Ty, may be expressed by the combinations of membrane shear force, Nyo:
and twisting moment, chp' Figure 67 shows an element of the cross~section of a
cylindrical shell with a twisting moment, My, on a length of ds. The twisting moment,
M‘XQD « ds, on the element may be replaced by an equivalent group of three forces.

The two forces Fy, on the left element are almost parallel to each other and must
therefore have a moment equal to Mx(pds; hence

Fp+ds = My ds (394)

Since they are slightly divergent, they have a horizontal resultant, Fj,d®, pointing to
the left, which is compensated by the third force, F; = F,do. The three forces are
statically equivalent to the distributed shearing stresses, which yield the twisting
moment, ngD- The shear force, Ty, acting in the tangential direction can be calcu-
lated, based on Figure 67, as

Fi Fnd(,D Fnad(,D
Tx = Nyp " 55 = Nxo - ds Nxep - ads (395)
The following relations can be written, based on Equation 394
Fpadp = Fnds = Mx(pds
The substitution of the last equation into Equation 395 leads to
M
XQ
T. = - 396
x = Nyo a (396)
The normal shear force, S;, can be expressed, again based on Figure 67, as
dF (aF 3F
_n —n _n
= + (8(,0 d(p)— Q, + ______a(p ad(p)— + e o 397
%% = % ds = X ads h ads (397)
Equation 394 may be expressed as
oF BM’X
n _ ©
5o 95 = 3, ds (398)
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SXdS
T ds
X w—

Figure 67. Shear Forces

The substitution of Equation 397 into Equation 398 yields

oM
_ 1 XQ
S = Q + T o (399)
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Table 5, published by the author of Reference 15, shows 10 different edge conditions.

Table 5, List of Edge Conditions

Boundary Boundary
Case Conditions Case Conditions
No. Description x=0 x=4/a No. Description x=0 x=4£/a
1 Simple support with- w =0 6 Clamped end, with- w =0
out axial constraint v = out axial constraint w’ =0
Same Same
(called "freely My = v =0
supported') Nx =0 Ny =0
2 Simple support with- w = 7 Clamped end, with w =0
out axial constraint v = Same axial constraint w =0 Same
at one end, withaxial My= (called "fixed end") u =0
constraint at other Ny =0 u=20 v =0
3 Simple support with w = 8 Clamped end, notan- w =0
axial constraint u = gential constraint w' =0
Same .. Same
v = (similar to Case 6, Ny =0
M, = but with v # 0) Ty =0
4 Simple support, no w = 9 Clamped end, with w =0
tangential constraint My = Same axial constraint but w’ =0 Same
(similar to Case 1, Ny =0 no tangential con- u =0
with v # 0) Ty = straint (similar to Tx =0

Case 7, but with v#£0)

5 Simple support, axial w = 10 Simple support with- w =0 Same
constraint but no tan-u = Same out axial constraint v =0 :
gential constraint My = at one end, clamped My=0 w=0
(similar to Case 3, Ty = with axial constraint Ny =0 u-=
with v # 0) at the other

5.2.4 THE TECHNIQUE OF NUMERICAL COMPUTATION. The evaluation of numer-
ical constants a, b, ¢ and d can be made by iteration. The solution of this problem is
determined by: 1) a given set of fixed a/h, £/a and v; 2) an assumed number of circum-~
ferential waves, numbers n; and 3) a specific set of boundary conditions for each end.
The computation starts from some initial estimate for frequency, w. An iteration can
then be performed to satisfy simultaneously Equation 3 and the determinant D of the
boundary conditions. An entire range of problems can be covered by varying the initial
input to the determinant, D, which are the constants a/h, £/a, v, and n — or the bound-
ary conditions. The solution can be obtained without any problem by this method; how-
ever, to obtain accurate values for the mode shapes, it is necessary to compute the
frequencies to six significant figures. The numerical computation was performed on an
IBM 7094 computer.
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Figure 68 illustrates the coordinate sys-
tem and sign convention applied in the theory,
while Figure 69 shows the general character
of the various mode shapes. The effect of
the different edge conditions listed in Table 5
can be seen in Figures 70 through 73. All of
these figures contain a nondimensional fre-
quency; the expression for the frequency
factor, w,, can be written

oy - = 17 e
® 2lpa -3

The ""beam modes' of a cylindrical shell
can be seen on Figures 71 and 72, Figure 73
illustrates a peculiar frequency dip, which
was discovered earlier by Arnold and
Warburton. The detailed explanation of this
phenomenon will be covered in Reference 16.

5.2.5 CONCLUSIONS. As far as numeri-
cal results are concerned, this paper is the
most accurate and general to date. The dis-
advantage of the theory is that any numerical
computation has to be carried out by compu-
ter, which requires the ownership of the
computer program.

5.3 A REVIEW OF ARNOLD AND
WARBURTON'S PAPER: "FLEXURAL
VIBRATIONS OF THE WALLS OF THIN
CYLINDRICAL SHELLS HAVING FREE-

1LY SUPPORTED EDGES" (REFERENCE 16)
NODAL ARRANGEMENT

5.3.1 SUMMARY. This paper discussed
the flexural vibration of a thin-walled cylin-
drical shell with simply supported edge con-
ditions. Timoshenko's strain-displacement
relations were introduced, and the kinetic

and potential energy of the shell were derived.

Since suitable functions were introduced for
the displacement functions, the energy
method led to Lagrange's equation of
motion. It is worthwhile to mention that the
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displacement functions used by the authors satisfy the differential equations of motion
"exactly, "' as was proved by W. Flugge.

The Lagrange's equations result in a sixth-order frequency equation. Different
numerical examples were discussed, and the theory was verified by test results. The
authors discovered, first, a peculiar frequency dip; this phenomenon was explained
fully by their theoretical and experimental investigations. Figure 74 shows the results.
Figure 75 explains the frequency dip, based on the summation of bending and stretching
energy.

5.3.2 EXPLANATION OF THE THEORY. A plane stress-strain relation is assumed.
Therefore, the strain energy for a unit cubic element is, according to Figure 76,

1
So = 50x€x + Oy €y + TyyVyy)

[ /)

(401)

\
}; FREELY-SUPPORTED ENDS

IS

FREQUENCY (KHz)
R
7/1

2 _
/ FREE ENDS
7 - -

4 ' 12 20 28

h
NUMBER OF CIRCUMFERENTIAL NODES, 2n < =;)

Figure 74. Experimental and Theoretical Frequency Curves (o = 0.01)
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The strain energy of a cylindrical shell can be expressed by the volume of the shell

T4 h/2

s =j[£/2 S, a do dx dz (402)

Figure 77 illustrates the element of a cylindrical shell.

The stress can be expressed
as a function of strain

L h—- = i/z
//; J‘ S g =—}—3——(e +VE,)
VA )’ } X 1- y2) 2}
i . ™~
y ——— ~dz
vd 0= (€p+Vey) | (403)
* Jdo P a-y ©
z a
where
G = E
Figure 77. Cylindrical Shell Element T 21 +Y)

The substitution of Equation 403 into Equation 402 leads to

2m &£ h/2 ) iow)
= 2(1 Uz)![f { (p+2V€x€(P+ D) YX(D] do dxdz [3]

Total strain can be expressed for any point of the shell thickness as the super-

position of membrane and bending strain

€

Il
m

}
N
x

Pt

X X, m

(4]

Il
m

€(P o, m - sz
Y0 = Yx,om ~ 2%%xp

where subindex m = membrane.
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In the next step Equation 4 has been expressed by Equations 387 and 389 of the
strain-displacement functions. Equation 3 of the strain energy has now been expressed
in terms of displacement functions. The displacement functions may be expressed in
the case of simply supported edges

mmTx
u = Ucos 7 cos nY
m
v = VsinmjzlX sin n® ( (6]
X
w=WsinmL cos nY J

where n and m are respectively the circumferential and longitudinal wave length num-
bers and U, V and W are functions of time only.

Equation 6 is equivalent to Equation 22 of Section 5.1. These equations satisfy the
differential equations of equilibrium as was proved by Flugge. Since Equation 3 was
expressed in terms of displacements, the substifution of Equation 6 into this equation
yields

z - \
g - TERL {UZ)\Z + @V-W)2 + 2UAUW-nV) + (}——Z)(AV-—nU)z
4a(1-v2) 2

2
2
+ —h——z[x4w2 + @V -n2w)’ + 20 2w@w - nV)
12a

+ 2(1 - VAV - XnW)z]} (7]

where

The kinetic energy at any instant is given by

2l L 6 e

Zgo 0 ¥Yh/2
e .3 > (8]
where the specific weight, ¥ = [(1b/in.°], or
Thi -2 -2 : 2
= Z—f;——a[U VW]
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Since U, V and W are independent variables, to minimize the kinetic and potential
energy, Lagrange's equation is applicable. The Lagrange equation is in general

93 (OFE o)
( ) £ _ o (404)

3t\%g,) " 3q,

where

generalized coordinates

total energy

external forces

Q

In the present case these quantities become

q1=U q2=V q3=w
q = V gy = V ag = W (405)
E=T-8 and Q = 0

The substitution of Equation 405 into Equation 404 leads to

3 (o 3
%(35) -5 - - % o)
Two similar equations can be written in V and W.
The substitution of Equations 7 and 8 into Equation 9 leads to
Mﬁ—0=-ﬂz—[UX2+vk(W—nV)—nQ—_—y—)(AV—nU)] (10]
2g 2a(l-v2) 2
U, V and W are periodic with respect to time and may be written
U = A cos wt V = Bcos wt W = C cos wt [11]

where A, B and C are constants and w is the angular natural frequency of the vibration.
The substifution of Equation 11 into Equation 10 yields

[12 - (—1—;—9-)112 -A] A - -(—l—zu—)knB +VAC = 0 (12]

where
ya2 @1 - vZ)w?
Eg

A=

(406)
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Similarly, by substituting in the Lagrange equations for V and W

_(1 ; V)an + {(#))ﬁ +02-A +BMm%+ 20 - V)XZJ}B
- {n+/3[n3+(2-u)x2n] c =0 [13]
and
VAA - {n+ Bnd + 2 - V)lzn]}B + [1-A+ BN +n2)2]C =0 [14]
where

B = h2/12 a2

Eliminating A, B and C from Equations 12 to 14 leads to a cubic equation in A

a3 - KyaZ + KA - Ky = 0 (15]
where
.2 2 2
Ya(l-V)w
and
w = angular frequency
Ko = %(1 -pnZa +pat %(1 - vy x BLOZ + 13" - 2@ - vH)A*n?
- 8x2p% - 218 & 4(1 - u2)>\4 + 4X%n2 + n%)
Kl = 1(1 - y)()\z +n2)2 +-—1—(3 -V- 2V2)/\2 + l(1 - V)n2
2 2 2
N B[-;—(s-v)a%nz)?’ +20-v* - @-2pP? - 2@yt + 2 - v>>«2+n2]
and

Ky =1 +%—(3 - V)(k2 + nz) + B[(Xz +n2)2 + 2(1 - l/)k2 + n2]

It can be seen that Equation 15 is sixth-order in w.

5.3.3 STRAIN ENERGY DUE TO BENDING AND STRETCHING OF A CYLINDRICAL
SHELL. The substitution of Equation 11 into Equation 7 gives the maximum strain
energy in terms of the component amplitudes.
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TEh A&

_ 2,2 2 -
max = 4a(1—V2)§Ak + (C-nB)2 + 2UXA(C - nB)

+ (%’i)(kB -nA)2 + BD%c2 + (n2C - nB)?

+ 2v22C @2C - nB) + 2(1 - V)AB - AnC)2] [16]

The first four terms give the strain energy due to stretching, and the remainder that
due to bending.

By the elimination of the amplitude ratios between Equations 12, 13 and 14 and the
use of expression A/C and B/C, an expression for stretching energy and one for

bending energy are obtained.

The stretching energy can be stated as

TEhALC2 A B
s T [‘:a_“z)] RERE

)(1-n5)+ (l'v)(xﬁ-n%)z] [19]

+ 2!/)&( C

al»

The bending energy can be written

ﬂEhzcz] 9 22 2 2. (B
S, = Bl——————|{A°+ + [n®+20 -\ ](=
b [4a(1-u2) ;‘ ™) (C)

- 2[@-v)A%n + n3](—g—)} [20]

Equations 19 and 20 can be rewritten in the form

ET 2 Ew 2
= =7 _|sc d = ———4cC [21]
Ss Tls[4(1 - VZ)] and % nb[4(1 - vz)]

where g and 7y, are nondimensional energy factors for stretching and bending
respectively.
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Figure 78 shows the orientation of the coordinate system and the nodal pattern of
the cylindrical shells.

CIRCUMFERENTIAL VIBRATION FORMS

P 2
\N‘—’
n=2 n=3 n=4

AXTIAL VIBRATION FORMS

AXIAL NODE
CIRCUMFERENTIAL
NODE

Figure 78. Orientation and Nodal Pattern of Cylindrical Shells

It can be seen that the minimum frequency coincides with the minimum strain energy
and that the lowest frequency has not occurred at the lowest circumferential wave num-
The effect of different thicknesses-over-mean-radius ratios, &, can be seen on

ber.
The general arrangement of the vibration test can be seen on Figure 80.

Figure 79.

5.3.4 CONCLUSIONS. The paper described the applied energy method of determining
the vibrations of cylindrical shells; by a suitable choice of displacement functions, the
problem of free vibration was reduced to Legendre's equations via a sixth-order fre-
quency equation. The authors are the discoverers of the peculiar frequency dip, which
was explained fully and also verified by their test results. In general, their theory
shows good agreement with the test results. The theory cannot be expanded for
arbitrary edge conditions, which is the limitation of this theory.
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6/THEORY OF ORTHOTROPIC SHELLS

Our theoretical investigation was restricted to isotropic shells. However, many of the
practical structures have rings and longitudinal stiffeners or are of honeycomb con-
struction. Another type of shell structure can be built from plywood. It is obvious
that the stretching and bending effects are different in different directions for these
structures. Several theories were developed, and the present discussion will be re-
stricted to two of them. One of them was developed by Fliugge, which was based on
theoretical considerations only; and the other theory, by Hoppmann, was based on test
results. The equivalence of the two theories will be discussed.

6.1 THEORY OF W. FLUGGE

A plate with uniform thickness but with different stiffness characteristics is considered

first. Figure 81 shows the general arrangement and E; and Eg represent the different
modull of elasticity,

o

v X

V4

y E2

Figure 81. General Arrangement of Plate

In the isotropic case the forces can be expressed, based on Equation 386, as

Ny = (1?111/2) (€x *VEp) = a _Evz)hex * (lliEVz)h o (407)
The last equation may be expressed in the form
Nx = Dy € + D, fcp (408)
A similar equation can be written for force N(p
Ny = D(p €p + Dy &g (409)
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The comparison of Equations 407 and 408 leads to the following relations

D, = Elh D, = Eyh Furthermore D(p = Ezh 410)
where
E VE
Ei{ = Ejf = — and E, = —— 411)
1
2 T
Based on Equation 388 the bending moments may be expressed as
My = Eh° (g +VRp) = EqjIng + EpI%p (412)
* 120 - v?) 1 v
where
.
T 12
Equation 412 can be written, as in the previous case
My = Kyxg + Kyt (413)
The comparison of Equations 412 and 413 leads again to
Ky = TE; and Ky = IE, 414)

In the present case, one has E;= E2.

6.1.1 ORTHOTROPIC PLATE. The plate is usually called "orthotropic' when the
material of the plate has three planes of symmetry with respect to its elastic properties.
The plate has different moduli of elasticity in the different directions; in other words the
strength of the plate has been varied in the different directions. In the orthotropic case,
the former equations can be written considering the different moduli of elasticity Eq

and Eo. The forces in this case are

Ny = Dy€ + D€, No = Dp€p +Dy€x  and  Nyp = DxpYyp (415)
where

D, = E;h, Dp= Egh and Dy, = E,h
and

Eq # E,
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The moment may be expressed as

My = Koty + Ky, Mg =Ko+ Ky and  Myp = Kyphy (416)
where

Ky = IEp, Ko = IEp and Ky = IEp
and

Eq # Eg

In the calculations of constants Dy and K,,, it is recommended that the average values
be used. The calculations of the orthotropic coefficients will be discussed in three
configurations.

6.1.2 PLYWOOD SHELL. Figure 82 illustrates a panel of a plywood shell. The
first numbers of subindex E have been designated for the part of the plywood shell and
the second numbers for the directions. The orthotropic constants were calculated,
based on the previous considerations by Equation 417.

DIRECTIONS \
1)

2)

H
1

©)

Figure 82. Plywood Shell
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Dy = Eut DX(,D = Gt 417)

1 3 3 3
I(X = E[Ell tl + Ezl (t - t]_ )] etc.

6.1.3 CYLINDRICAL SHELLS WITH RINGS AND STRINGERS. Figure 83 shows a
portion of the cylindrical shell with rings and Figure 84 illustrates the portion of the
shell with longitudinal stringers. The orthotropic constant D, associated with stretch-
ing of the middle surface may be calculated by adding the stretching effect of the stringer
to the shell constant for a constant-thickness shell. The effect of the stringer can be
expressed by an additional imaginary shell thickness, haV' The calculation can be seen
by Equation 418.

A
————Eh + E—i

418
- v?) ba @19

The orthotropic constant Ky associated with bending may be derived again by adding
the bending effect of the stringer to the shell constant associated with constant thick-
ness. Equations 412 and 414 expressed the basic concept; however, the moment of
inertia of the stringer has to be divided by the spacing distance, bg, since the moment
of inertia of the shell with constant shell thickness was computed for a unit wide strip.

2
K, = E{l+ E(stringer) _ Eh3 . E(Iy + AgC, )
1 by 12(1 - v2) by

(419)

Figure 83. Cylindrical Shell with Rings
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Figure 84. Shell with Longitudinal Stringers

The rest of the constants are given by Equation 420.

Eh Ap Eh
D, = + E+—, D, = v
®a-vy by v a - v
K‘p = > + s KV = ————-—2 > (420)
121 - V%) by 12(1 - v2)
Eh® G L*
= +
K20 = 2@ +v) T 1,
EB3 GIp
K = 20+ T Ty, J

where the moments of inertia, I;:and I(p*, represent the twisting of the stringers or the
rings. The details of this theory can be found in Reference 6, page 293-307.
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Flugge's orthotropic shell approximation and shell equations have the advantage of
simplicity; and they are useful when there are no test resulis. It is obvious that this
theory can be only approximate, since it does not take into account any stress concen-
trations and local deformations.

6.2 A REVIEW OF HOPPMANN'S PAPER: "ELASTIC COMPLIANCES OF
ORTHOGONALLY STIFFENED PLATES" (REFERENCE 17)

6.2.1 SUMMARY. Hoppmann proposed an experimental evaluation of the orthotropic
constants and described the test procedure. The essence of his theory can be
summarized as follows.

The tests apply to a panel of a shell or a plate and define the elastic constants. This
theory considers eight elastic constants. The elastic constants associated with stretch-
ing effects (membrane stress) can be expressed as C17, Cyo and Cyy. The shear con-
stant is expressed as Cgs. These constants are associated with an equivalent shell or
plate thickness of hg.

The bending effects can be expressed by the following constants: 8,5, P and 822.
The twisting effect is represented by the constant, S66'

This second group of constants has another equivalent shell or plate thickness of hy,.
Figure 85 shows a portion of a stiffened plate. Figure 86 illustrates the schematic dia-
gram of bending and twisting. The schematic diagram of shear and tensile loadings are
seen on Figure 87. The schematic of the foil-type displacement meter is shown in

rr\-—-rr" T/H\\“

L_L_,_L I

0.750
0.275
0.625 H=—ii =] }=-0. 125_L
ettt B,
N
T SECTION A-A 0.065

Figure 85. Details of Experimental Plates with Integral Stiffeners (Dimensions in Inches)
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b. TWISTING

Figure 86. Diagrammatic Arrangement for Bending and Twisting Tests

I

—— e e i ——
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——— —— — — —

—— cge— —— —— ———

a. SHEAR STRESS

nn

b. TENSILE STRESS (STRETCH)

Figure 87. Diagrammatic Arrangement Showing Shear and Tensile Loading
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Figure 88. The paper presents photographs of the equipment for the bending and twist-
ing tests; furthermore, the equipment for the tensile and shear tests is also shown.
The results of the tests are tabulated in Tables 6 and 7.

CLAMPED

N yyyyyry)

=% TO STRAIN

INDICATOR
GAGE NO. 2
GAGE NO. 1
\SR—4STRAHJGAGE
12 IN, CEMENTED TO FOIL
APPROX.,

L_A__ 0.005 IN, THICK
—_ ALUMINUM FOIL

11IN.

-

(L

CLAMPED

Figure 88. Schematic Diagram of Foil-Type Displacement Meter

Table 6. Orthotropic Elastic Constants (Bending and Twisting)

s s S s s
—% x 106 1§ x 106 —231 x 106 —2—32 x 106 —656 x 108
Plate hy hy; hy hy hy,
364 -127 127 364 983
13.0 +1.4 -18.1 306 370
C 4.8 1.7 -1.7 4.8 13

In the theory S;; ij = Jl, so in practical application an average of S12 and Sg; is used.
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Table 7. Orthotropic Elastic Constants (Stretching and Shearing
in Plane of Middle Surface)

Ci1 .. ¢ Ci2 . & Co1 . . ¢ | Coz & Cee . ¢
—= X 10 —£x10 =2 x10 —Z2x 10 —2 x 10
Plate hg hg s s s
1.54 -0.54 -0.54 1.54 4.16
0.83 ~0.29 -0.13 1.40 2.11
o 0.36 -0.12 -0.12 0.36 0.98

In the theory Cij = Cji’ so in practical application an average of Cyo and Coy is used.

6.2.2 EXPLANATION OF THE THEORY AND TEST RESULTS. The membrane
stresses (stretching and shearing effects) can be wrilten according to the paper

€ = Cy0j (421)
where

(iL,j = 1’2)

y// - C66T// (4:22)

The dummy index j means summation according to tensorial notation, and the double
primes symbolize the membrane stresses and strains. Equation 421 can be written

2
€ = C;0f = ;Cijoj (423)
1:

Equation 423 is, in terms of the components

" I "

424)
€ = C2191 * Cg202
The stresses can be expressed from Equations 422 and 424
" 1 " " " _1_ ”" “"
01 = ¢*(C22¢€; - C12€2)» Og = Tx(C11€2 - Cg1€9)
(425)
”
T” - ‘y
Ces
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where

C* = (426)

' 7
€i = Sijoj 427)
where
i,j = 1,2)
7 '

The dummy index j means again the summation by tensorial notation, and the single
primes symbolize the bending stresses and strains. Equation 427 can be expressed

2

’ ' 7

€i = Sijaj = .leijaj (429)
]_:

The stresses were expressed in the terms of strains from Equation 429

1 ’ ’

01 = 5+ G22€1 - S12€)

430)
/ 1 s '
9 =561 - S21€)
where

811 Sp2

S* = (431)
S21 Sga

The shear stress is expressed, from Equation 428 as

yl

7' = 5= (432)
66

The membrane forces may be written by the introduction of an equivalent membrane
thickness of the shell, hg.
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N = 0'h
ifls (433)

"
Nij =T hS

where (i,j = 1, 2).

The bending and twisting moments can be expressed similarly by the introduction of
the equivalent bending shell thickness, hy.

Mi =%y

(434)
3
. My

Mij T "i;

The isotropic constants are a special case of the orthotropic constants. The iso-
tropic constants may be calculated by the comparison of Equations 433 and 386 and of
Equations 388 and 434.

C11 = Cog = 811 = Sp9 = %

2

C* = S* a-v

EZ

y (435)

Ciz = Cop = 812 = 81 = -%

1 21 +v)
Ces = 2866 =G = — ¢

y
and

hs = hb = hm = h

Figure 89 illustrates the direction of the elastic constants relative to the plate
stiffeners. The results of bending and twisting tests can be seen in Table 6., Table 7
demonstrates the results of the stretching and shearing tests. In these tables the plate
A has a constant plate thickness, 0.065 inch, and plate C has a thickness of 0.275 inch.
Plate B is the stiffened (orthotropic) plate; the elastic properties of plate B can be
found betwcen plate A and C.

6.2.3 CONCLUSIONS. The paper has demonstrated a practical method to measure
the elastic compliances of a stiffened plate. The measurement canbe extended for a
panel of a shell, and the stiffeners of the shell panel can be in both perpendicular direc-
tions. This technique can also be useful to determine the elastic compliances of
honeycomb structures.
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Figure 89, Direction of Constants

6.3 TRANSFORMATION OF HOPPMANN'S EXPERIMENTAL CONSTANTS TO
FLUGGE'S THEORETICAL CONSTANTS

The orthotropic elastic constants are necessary to solve for the frequency and mode
shapes of a particular shell. The accurate method of obtaining these coefficients is by
experiment. However, experimental results are not always available, and this is the
reason for discussing Fliigge's theoretical method. If a shell theory is formulated in
terms of orthotropic constants using one of the methods, many times it is desirable to
transfer the theory in terms of the other type of orthotropic constants.

Let us assume that the forces and moments were expressed by Fliigge's method
according to Equations 415, 416, 418, 419 and 420.

Ny = Dy€, + Dy€, (436)

My

Kety + Ky 437)
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These forces and moments can be expressed, according to Hoppmann's theory, as

hy/2 )
“ S
NX = 0'1 dz = E—;(sz €X - 012 f(p) (438)
“h /2
hy /2 hb/21
= Oizdz = - -S—*(Szzxx - Slzl(p) 22 dz
~hy,/2 ~hp/2

Since the bending strains, E;, were expressed as the function of curvature, accord-
ing to Equation 4 of Reference 16,

61 = -z and fé = -ZMNy (439)
and
hg

A comparison of Equations 436 and 438 leads to

h,C Cioh h.C
s 22 12%s svi11
DX = o DV = - '—‘é*—‘ and D(p = C* (441)

A comparison of Equations 437 and 440 starts with the considerations of the opposite
sign conventions by Flugge and Timoshenko.

3 3 3
h, s hy, Spa hg S
- b 22 K, = - 222 and K, = ——a (442)
12 8* v 12 S* (% 12 s*
Determinant 426 can be expressed by the use of Equation 441.
2 c* 2 2
C* = (Cy;Cgp - Cqg) = (E) [Dy Dy - Dy (443)
Equation 443 can be expressed as
h (D_D,_ - D2)
8. x© Vv (444)
c* hg
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The substitution of Equation 444 into Equation 441 leads to
.2
Co2(Dx Dy - Dy’)

= (445)
X hg
Equation 445 is, in the final form,
6 6
10°Cy, _ 107 D,
hs (Dx Do - D)
6
107 S 6
22
= 10° Kx etc. (446)

e 12KKp - KP)

For demonstration of the theory, Flugge's theoretical method will be used to com-
pute the orthotropic constants. Table 8 shows the computed values and the test results
of the orthotropic constants for a longitudinally stiffened cylindrical shell according to

Reference 18.

Table 8. Computed and Experimental Orthotropic Constants

Configuration Analytical Experimental
106 C
— 22 1.47 1.40
hS
106 C
— 66 4.14 2.11
hS
106 C
A 1.00 0.83
hS
6
10°C
= 2 -0.344 -0.21
hS
6
10°s
322 322.0 306.0
hy
1098,
10.27 13.0
e
b
1085,
—31 ~3.60 -8.30
hy
109 844
— 490.0 370.0
hy
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The values in Table 9 were then used to calculate the model frequencies according
to Hoppmann's equations for a longitudinal stiffened shell. (See Reference 18.) Table6
shows the results with the different wave numbers for the analytical case using both the
test coefficients and the analytical (Flugge) coefficients. Also shown are the frequencies
obtained experimentally for the same shell. The modes forn=2andm=2, 3, 4and 5
could not be excited. This table shows that in some cases the error between the com-
pletely analytical and test cases can be as much as 41 percent; however, for the lower
longitudinal wave numbers (m) the error is reasonable.

Table 9. Model Frequencies

1 2 3 4 5 : 6

Test Calculated
Constants Constants % Diff Test % Error
m n Freq (Hz) Freq (Hz) 2/3-1.00 Frequencies 5/3 -1.00
1 2 750 694 8 700 1
3 1150 1135 1 1270 12
4 2100 2111 ~0.5 2200 -4
5 3340 3402 ~2 3460 -1
2 2 2300 2020 14 - —
3 1700 1577 8 1830 16
4 2350 2254 4 2600 10
5 3510 3472 1 4080 18
3 2 4200 3716 13 - —
3 2870 2574 11 2640 2
4 2970 2727 9 3360 23
5 3900 3719 5 4120 11
4 2 6100 5466 11 — —
3 4360 3897 12 5490 41
4 3960 3600 10 4100 14
5 4620 4261 8.5 5130 20
5 2 7900 7186 10 - -
3 5900 5405 9 6100 13
4 5100 4809 6 5200 8
5 5600 5154 9 6100 18
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6.4 A REVIEW OF HOPPMANN'S PAPER: "SOME CHARACTERISTICS OF THE
FLEXURAL VIBRATIONS OF ORTHOGONALLY STIFFENED CYLINDRICAL

SHELLS'" (REFERENCE 18)

6.4.1 SUMMARY. The flexural vibrations of stiffened cylindrical shells were studied
by theory and experiments. The theory utilized the experimental determination of the
orthotropic constants developed previously by the author. (See Reference 17.) Three
different configurations were studied theoretically and experimentally; one of these had
equally spaced longitudinal stiffeners, the second had rings again equally spaced, and
the third configuration was without any stiffeners (isotropic case). The theory is based
on the orthotropic stress-strain relations developed previously in Reference 17. The
strain energy expression of the shell was formulated in terms of experimentally
determined orthotropic constants.

The effective shell thickness, hg, associated with stretching and shearing of the
middle surface and another shell thickness, hy, associated with bending and twisting
have been utilized in the development of the stress-displacement relations. The kinetic
energy of the shell was expressed with the aid of the equivalent shell thickness, hy,.
The theory has discussed the case of simply supported edges, and a suitable chosen
displacement function reduced the energy expression to the Lagrange equation of motion.
In other words, the energy expression was minimized by the use of the proper displace-
ment functions and the application of the Lagrange equations of motion. The theory
obtained a sixth-order frequency equation. The frequencies of the previously mentioned
three different shell configurations were computed. All of the cylindrical shells were
constructed with aluminum. Flexural vibrations were excited by an electromagnet, and
the magnet was excited from an audio-oscillator which fed through a resonant-type RC
circuit to increase the driving force. A specially designed pickup was used to deter-
mine the mode shapes, and the frequencies were also checked by means of a small
crystal-type pickup. The results of the theoretical and experimental investigations of
the frequencies were tabulated in the paper, and they are in fairly good agreement.

6.4.2 EXPLANATION OF THE THEORY, TEST APPARATUS AND THE TEST
RESULTS. The elastic constants associated with bending and twisting can be expressed
as

e = 8.0
i 1§
1
' ’ . ]
Y = SggT (i, j sum over 1, 2)

The orthotropic stress-strain equations can be expressed by the elastic orthotropic
constants, which are associated with stretching and shearing.

" "
€i = Sijaj

(2]

0661" (i, j sum over 1, 2)
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Equations 1 and 2 were explained by Equations 421 through 434. The elastic con-
stants S;; and C;j, determined from experiments, were fully discussed in Reference 17.
The orthotropic elastic constants used in this paper are shown in Equation 3.

S S;o X106  8,, x 108 )

1 21
—1—31><106=306 23 = 57— = -8.3
S S
—ZEZX106=13 —6§><106=370
hy hy

(3]
C C,, X106 C,, x106
11y 106 = 1.4 12 2 = -0.21
hS hS hS
C C
22 4 108 = 0.83 56 x 106 = 2.11
hS hS J
Units are inches and pounds.
The strain energy of a thin shell may be written
s—-l-fcre +05€0 + TY)AV (4]
=5J 1€ + 936 )
Vv

where dV is an element of volume. O and T are stresses, while € and ¥ are strains.
Equation 4 is equivalent to Equations 402 and 403. The stresses may be expressed in

the form
' Y/
0, = 0] + 0]
' "
0, = Oy + Oy [5]
T =7 +7

Equation 5 expresses the superposition of membrane and bending stresses. The expla-
nation of Equation 5 can also be found in Equation 4 of Reference 16.

The strain energy in terms of orthotropic constants can be obtained by the substitu-
tion of Equations 1, 2, and 5 into Equation 4.

h
S = E-C-:s-’—k‘/.(.-c22 6’1'2 - C11 652 +2Cqp €] €5)adddx
A
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2
24S*f( Szle - 8117(2 + 2512)(.1 2)ad¢dx

3
h
“Zadpdx + GSb y'2a dpdx (6]
66°A

where
a is the mean radius of the shell
¢ is the angular location in a transverse section of the cylinder
x is the coordinate measured along the cylinder
In the expression of Equation 5, the terms associated with bending and twisting were

integrated between *(hy/2) and the terms associated with stretching and shearing were
integrated between *(hg/2).

The strain displacement relations can be expressed according to Equations 387 and

389.
o _ du E,,=_(_ag_w) y,,=(_1_ag+a_v)
1 ox 2 Y0 adg dx
[7]
v o v o L(Pw vy _z(az_w a_v)
1t s 2Tl tm) M2 alee

The substitution of Equation 7 into Equation 6 leads to a strain energy expression which
consists of the displacements, elastic constants Cij and Sij’ and the thicknesses, hg
and hy,. The fictitious thicknesses hg and hy are canceled from Equation 6 by the sub-
stitution of the numerical values of Expression 3 into Equation 6. Therefore, the strain
energy is really independent of the thicknesses hg and hy,.

The kinetic energy of the shell may be written in the following manner.

N jff[(g_:)z N (gvg)”’] av o1

Equation 9 is equivalent to Equation 8 of Reference 16. If the integration is made
through a mean thickness of the stiffened shell, then the volume integral is simply a
surface integral to be integrated over the middle surface. The thickness of a stiffened
shell may be designated fo represent a mean thickness. The total mass can be written
as 2ma Lp hm. The radius of middle surface is a, the length of the shell is £, and
the mean density of the shell is p. After the above integration has been performed,
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It is obvious that ph,, can be determined readily by dividing the total mass of the
shell by 27a £, In the case of simply supported edges, the frequency equation can be
derived with the aid of Lagrangian equations of motion. A further explanation can be
found in Reference 16 of Equations 404, 405 and 4. For free vibrations they may be
written

d (3T ds
—(—-) +5— =0 where 1=1,2,3 [11]

Equation 11 can be also found in Reference 16 as Equation 9. The expressions for S
and T have been derived and are given as Equations 6 and 10. The generalized coor-
dinates, q;» can be expressed according to Equation 405. The displacement functions
can be expressed according to Equations 6 and 11 of Reference 16.

T
u = Acosn®cos (m£x> cos wt
. . /mTx
v = Bs1nn¢s1n( 2 )cos wt (12]
. /mTx
w = Ccosn®s1n( 2 )cos wt

where m and n are integers.

The corresponding half longitudinal wave numbers are designated by numbers m,
and the circumferential wave numbers are designated by numbers n. A, B, C are con-
stants and w is the angular frequency of vibration. The displacement functions satisfy
the boundary conditions, since

w=v =0 My =0 at x = 0 and x = £ [13]

Applying the Lagrangian equation to the expressions of the strain and kinetic ener-
gles, in exactly the same way as was explained by Equations 404, 406 and 9 through 11
of Reference 16, the Lagrangian Equations 11 becomes three homogeneous equations in
the constants A, B and C.

Ag1A + (Agg = A)B + X93C = 0 (14]
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where

A= pthJz

and phy, is the mass per unit area of the middle surface of the shell. The Aij’ given in
terms of known quantities, are as follows.

N1 = @%hg/a%Cgg) - Cgg(@@hy/CH) ‘
Ags = (-hgCyn2/a2C¥ - mBs ;n?/128%a%
+ (hsozz/CGG) + (hb3 o?/3 Sﬁeaz)
Agz = (-h Cyy/C*a?) - mBsypot/128% - 38 nt/125%a%)
+ (B a?n2s,;,/65%a?) + (0,3/3) (02 a2/S4622) ( [15]

A2 = -[(@Cignhg/aC¥ + mahg/aCgg)]
A3 = (hgeCqyg/aC¥)
Mog = (hgCy1n/a2C% + (2 8;;n3/128%a%

- dna?s;,/128%a%) - Pna?/3Sgga2)

where >‘ij = in and o = (m 7/4%),

The non-trivial solution of determinant 14 yields

a8 - KyA%Z + K1A - Ky = 0 [16]
where
'
Ky = Ay1 + Agp + Ag3
K = A = Aed = Ao + Aradoo + AiXag + Ao
1 = ~M2 © M3 " 223 11122 11133 + 222433
and 9 9 2
'
Ky = A1logAgs - Ay1ha3 - Aaadig - AgzAia + 2A19ha3)3;

It can be seen that Equation 16 is sixth-order in w. The three roots of frequency
Equation 16 represent longitudinal, shear, and flexural vibrations. The flexural
vibrations will be investigated in the following paragraphs.
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6.4.2.1 Vibration Experiments and Results. All of the shells were constructed with
aluminum. The vibration experiments were performed on three types of shells as
shown in Figure 90. Figure 91 presents a general idea of the dimensions of the models.
The paper gives a detailed description of
the test apparatus. Flexural vibrations
were excited by an electromagnet, for
which it was necessary to cement a small
piece of iron to the surface of the shell.
The magnet is mounted on a horizontal
track and its position is adjustable. The
magnet is excited from an audio-oscillator
TRANSVERSE which feeds through a resonant-type RC
STIFFENERS circuit to increase the driving force. To
associate the frequency with the appropri-

7 ate mode shape, a capacitive pickup was
' constructed and used. The electrical out-
put from the pickup is fed through a pre-
_ amplifier and into the screen of an

UNSTIFFENED

CYLINDER

oscilloscope. The frequencies were also
checked by a small crystal-type pickup.
The calculated frequencies of the flexural
vibrations, along with the experimentally
determined frequencies, are shown in
Tables 10 and 11,

LONGITUDINAL
STIFFENERS

Table 12 shows the computed frequencies
of the isotropic case along with the experi-
mental results. The frequencies of the iso-
tropic case can be obtained by substitution
of Equation 435 (isotropic constants) into
Equations 15 and 16 of the reference paper.

Figure 90.  Experimental Cylindrical For all three tables the upper figure in each

Shells
0.75 0.125
l | - =
0.210 r0 275
/ 0.065
DIAMETER = 3. 85 _ CENTER

i 15.53 -

Figure 91, Dimensions of the Experimental Model
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Table 10.

Frequency of Flexural Vibration of Cylinder With Parallel Ring Stiffeners (Hz)

- .
o 1 2 3 4 5
1530 2100 3330 4860 6480
2 1530 2040 3200 4440 6200
4230 4320 4500 | 5040 | 5760
3 4080 4090 4520 5000 5700 )
4 8100 8100 8190 | 8280 |
7520 7800 7920 |
13, 050 13, 100 13,140 | 13,230 |
5 11,400 | -

Note: Upper figure in each box is calculated frequency.(Also Tables 8,9)
Lower figure in each box is experimental frequency. (Also Tables 8,9)

Table 11. Frequency of Flexural Vibration of Cylinder With
Parallel Longitudinal Stiffeners (Hz)

N 1 2 3 4 5
5 750 2300 4200 6100 7900
700
3 1150 1700 2870 4360 5900
1270 1830 2640 5490 6100
. 2100 2350 2970 3960 5100
2200 2600 3360 4100 5200
5 3340 3510 3900 4620 5600
3460 4080 4120 5130 6100

Table 12. Frequency of Flexural Vibration of Cylindrical Shell of
Constant Thickness Without Stiffeners (Hz)

PN 1 2 3 4

0 743 2120 4020 5780 |
742 1880

3 1300 1720 2650 3970
1330 1740 2470

4 2430 2570 2950 3590
2480 2680 3040 3710

5 3900 4000 4200 4550 |
4060 4120 4340 4780
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box is the calculated frequency, and the lower figure in each box is the experimental
frequency. The maximum discrepancies are approximately 10 percent for the unstif-
fened shell, 20 percent for the shell with longitudinal stiffeners, and 18 percent for
the shell with circular stiffeners. Furthermore, except for very few cases, the
discrepancies are less than 5 percent.

Reference 16 discussed an interesting phenomenon — that in a certain range the
more complex modal patterns were associated with lower frequencies of vibration. This
phenomenon has recently been called the Arnold-Warburton effect and was also dis-
covered in the orthotropic case by Hoppmann.

Specifically, it may be noted that in Table 7 for m/n given by 5/2, the frequency is
6200 Hz, whereas for m/n given by 5/3 the frequency is only 5700 Hz. This effect is
also verified by the corresponding calculated frequencies as 6480 Hz versus 5760 Hz.
Similar effects can also be noted in Table 8. It is also interesting to discuss the
excitability of modes of vibration. For the shell without stiffeners the experimentally
determined frequencies can be excited for all sets of values m/n. Those few frequen-
cies missing from Table 9 are omitted simply because they were not tried. In Table 7,
however, frequencies could not be excited for increasing n; while, as shown in Table 8,
the frequencies could not be excited for increasing m. This phenomenon may be
explained by a possible bias in the excitability of the modes of vibration for such
stiffened shells.

6.4.3 CONCLUSIONS. The paper presents an interesting comparison between theory
and test results. Professor Hoppmann was able to show the Arnold-Warburton effect
in the orthotropic case and a bias of the excitability of the modes of vibration for such
shells.

The disadvantage of the theory can be seen in the applicability of other types of edge
conditions.

6.5 A REVIEW OF PENZES' PAPER: "THE EFFECT OF BOUNDARY CONDITIONS ON
FLEXURAL VIBRATIONS OF THIN ORTHOGONALLY STIFFENED CYLINDRICAL
SHELLS" (REFERENCE 19)

6.5.1 SUMMARY. The paper presents a theoretical study of the flexural vibration of
orthogonally stiffened thin cylindrical shells with the following edge conditions:

a. Both edges clamped.
b. One edge clamped and the other simply supported.
¢. Both edges simply supported.

W. H. Hoppmann II published a paper in 1958 entitled '"Some Characteristics of the
Flexural Vibrations of Orthogonally Stiffened Cylindrical Shells' (Reference 18). His
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paper treated the problem of simply supported edge conditions. The present work
generalizes this problem for the edge conditions mentioned above.

Hoppmann's orthotropic-shell theory was used to derive the orthotropic stress-
strain law in the author's paper (References 17 and 18). However, the derivation of
the frequency equations is different. Hoppmann's approach was to use an energy
method (i.e., Lagrangian equations of motion) to derive the frequency equations. The
author derived the equations of motion of the orthotropic cylindrical shell by the equili-
brium conditions of the shell element. These three differential equations reduced in
the isotropic case to the Donnell type of differential equations.

The three differential equations were rearranged in a manner similar to that for the
isotropic case (Reference 14), and the combinations of these equations uncoupled the
equations. The longitudinal displacement, u, and the tangential displacement, v, were
expressed in terms of the normal displacement, w, by two differential equations. A
third differential equation was also derived in terms of normal displacement, w.

The general solution was obtained which satisfies these differential equations and
contains the undetermined characteristic value, A;. The substitution of the general
solution in the differential equations leads to three homogeneous equations which are
eighth-order in the characteristic value of )Li. After some simplifications the equations
were reduced to a fourth-order system in >‘i° This set of equations, coupled with the
boundary conditions, is sufficient to determine the characteristic frequencies and mode
shapes of the system.

A comparison of Hoppmann's theory and test results with the theory presented here,
for the case of both edges simply supported, shows approximately the same degree of
error. Test results for other edge conditions are nonexistent.

The edge conditions have a significant effect on the modal characteristics of a cylin-
der with strong longitudinal stiffeners, but the effect is relatively small for cylinders
with transverse stiffeners.

The computations showed that the cylinder with longitudinal stiffenersin a clamped-
simply supported edge condition, compared with both edges simply supported, showed
a frequency increase of 37 percent for the lowest mode and that the percentage differ-
ence gradually decreased for the higher modes. A comparison of the clamped-clamped
edge condition and the both-edges-simply-supported condition showed a frequency
increase of 89 percent for the lowest mode and that the percentage difference again
gradually decreased with the higher modes.

The peculiar dip in the frequency spectrum, which was discovered by Arnold and

Warburton for isotropic shells, is also shown to exist with different edge conditions for
stiffened shells (Reference 16).
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6.5.2 EXPLANATIONS OF THE THEORY AND TEST RESULTS. Hoppmann's ortho-
tropic stress-strain laws were utilized in the derivations, and his nomenclature and
notation were also used (Reference 18). The differential equations of motion were for-
mulated for the shell element on the basis of Donnell's assumptions. The detailed
derivation of Equations 1, 2 and 3 of this paper can be performed based on Equations
421 through 434 and Equations 387 and 389 of this monograph. The rearrangement and
combination of these equations led to uncoupling them, as done in the isotropic case
(Reference 14, Equations 6, 7 and 9).

Cqo 33 3 2
12 3%w ©11 3dw A a[

L) +——F ———— = — —1L:) -

a) +— 9x3 23 3axap2  C* 32 t)

©12 %66 3w
a 9x

(1]

Cee*tC12) 33w cC1138%w A 22 €11 Cp6 dw
L) - e 308 | otV T Tz se) 2
a 3x2dp at 3 dt a P
c* 3ty A 22 { 32
BLo(W) +—= —= = 2= 2 {Acas — L, o(W) + C*L,(w)
B T a2 34 C* 2| 6632 tB 4

cZ ¢ 3y 2 ¢ 32
12°66 3w C11°C66 3w
- Lo[Ly pw)] + + (3]
2tLt,B(W) 22 ax2 | a2 a(pz}
The following constants and differential operators were introduced in the previous
equations.

3
h hy” C*
<] 1 S

32() (C*+cpycee) 32()

L2() = (C* + C9g Cgp) N + 2 a‘pz
and 2
Li() = Ly() - Acgg o)
t 2 66 32
a%() (cgg *2c12) 3%() c113%()
L,() = ¢ + — (5]
1 22 x4 a2 x23p2 ot apt

L0 = |20, 2L My B0 fu )
4,B() - S* ax4 a2<S66 S* ax2 a(pZ a4s* a(p4
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Lg() = LylLg gO)]
and
32() 11
Lig = A + BL +—
t.B 32 4,80) * 3

The general solution of Equations 1, 2 and 3 may be expressed in the same form that
Yi- Yuan Yu formulated in the isotropic case (Reference 14, Equation 10).

[
|

)
= ZAielx/ cos mY sin wt
i
Ax/ b
v = Z:Bie */%gin mo sin wt (i=1,2.... 8 (6]
1

A:x/4L
W= Z C;e ix/ cos m¢ sin wt
i

where
4 is the length of the cylinder
m is an arbitrarily chosen positive integer equal to the number of
circumferential waves
A; are the characteristic values of the eigenfunctions
and

Aj, Bi and Ci are constant coefficients

The substitution of Equation 6 into Equations 1, 2 and 3 leads o lengthy expressions
which can be solved by numerical techniques (Reference 15). In the following discussion
the general solution is restricted to relatively long cylinders with a fairly small num-
ber of longitudinal waves and a relatively large number of circumferential waves. In
these cases the following assumptions may be made

2 la2
(...) ;m‘ <1 (7]

The expression in parentheses represents some combination of the orthotropic constants.
The use of the absolute value for >‘i indicates that it may be imaginary. Inequality 7 is
the generalized expression of the isotropic case, which was discussed in Reference 14,
Equation 14. The introduction of Inequality 7 into Equations 1 and 2 simplifies these
equations significantly.
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a
Ay = (.ﬁ_)mici and B; = FC; [8]

where
2 3
D __1(°11m A “%12%%e
N\ o4 C* 22
and
cqym /2
11 m A
£ Na? (32 L 066w2) } e
A(C* +c,4Cn0n) c
26 o 11766 9 o 11 4
N =A E-*' w - aZc* m* ey + ——m

a

P

Inequality 7 introduced into Equation 3 leads to a simplified frequency equation.

2,4 Cap C
C*
——(ﬁ) = A3 °66“’6 - Az(Tmz + —66 11 + Hc66 m4)w4

a2 \2 a2
¢y C*m* ey ¢ 66 Hey, C*
+ A|l— 3 +(— +Hm4‘)Tm2-——m2 mz——-——ms f10]
a a2 a4 a4
where
3
hy, C*s (C* + Cqq1 Cprp)

H = b 411 and T = 11766 [11]

12h_ a%s* a2

The characteristic value of ); and the coefficients C; can now be evaluated from the
boundary conditions as was done in the isotropic case (Reference 14). The displace-
ment components now contain only four constants due to the simplifications introduced
by Inequality 7; since Equation 10 is now of the fourth degree, there will be only four
roots of \; and four sets of values for A;, B, and C;. The displacement components are

3w Fow

u = aDg. v = 'Ea? f12]
& X/L
w = ; Cq &M cos me 8in wt (13]
i=
The roots of \; are expressed as
)«1=‘12=R A\g = =) = IR n4)

where R is a real number.
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In the expression for bending moment 15, the term alz%% was omitted to satisfy the
boundary conditions with the available constants.

hb3 32w 812 32w
M, = -——[8pg— = — — [@s]
X 128*\ 22 ax2 a2 a(pz

It is assumed that the simply supported shell can move freely in the longitudinal
direction and remains circular at the supports. The boundary conditions for this case
are

V=W=Mx=0 [16]

at

X 0 or 4 or both

The clamped edge condition may be written in the form

oW
u=vVv=wW=-—=290 17
= [17]

at
0 or £ or both

X

The following three boundary conditions were considered: clamped-clamped,
clamped-simply supported, and both edges simply supported. The characteristic
values of R may be expressed from the boundary conditions as

R = nm [18]
where the different values of n can be seen in Table 10.

If the displacement functions are substituted into any of the previously described
boundary conditions, the derivations lead to a homogeneous equation system in Ci'
The value of n can be evaluated, taking the determinant of the homogeneous equation
system equal to zero., The displacement functions were derived from any three equa-
tions of the boundary conditions. This leads to the same derivations as Equations 19
through 30 of Reference 14. The displacement functions are exact in the case of both
edges simply supported, and the solutions are only approximate in the cases of clamped-
simply supported and both edges clamped (Reference 22). The frequencies of the longi-
tudinally stiffened cylinder of Reference 18 were calculated and the effect of different
edge conditions was investigated according to Table 13, The bottom number in each
box corresponds to the case of both edges simply supported, the middle number to the
clamped-simply supported case, and the upper number to the case of both edges
clamped. Due to the approximations involved in the theory, some of the frequencies
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Table 13, Frequencies (in Hz) for the Longitudinally Stiffened Cylinder of
Reference 18 With Different Edge Conditions

n | 1.506| 2.50 3.50 4.50 5.50
1.25 2.25 3.25 4.25 5.25
m 1.00 2.00 3.00 4.00 5.00

1579 4233 9171 - -
2 1149 3412 7557 - -
836 2698 6267 - -
1422 2298 4019 8552 -—
3 1328 1197 3514 5838 -
1276 1750 3059 5178 -
2284 2509 3135 4264 5891
4 2265 2422 2932 3934 5439
2255 2358 2762 3636 5016
3560 3623 3821 4251 4984
5 3555 3598 3754 4117 4770
3552 3580 3699 4002 4577

were not computed in Table 13; however, these frequencies are also missing from
Professor Hoppmann's test results, Reference 18, Table 11.

6.5.3 CONCLUSIONS. The significant effects of different edge conditions on longi-
tudinally stiffened cylinders have been exhibited. The present theory is recommended
for cases in which the length-to-radius ratio is greater than or equal to 4, because of
the approximations applied in the development of simplified frequency equations.
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7/VARIATIONAL METHODS IN THE THEORY OF
THIN ELASTIC SHELLS

So far, our investigations have been restricted to simple geometries, where the solu-
tions of the governing partial differential equations lead to a closed-form solution of
the problem in terms of some known functions. The presently developed theories can
be extended to any geometry; however, the mathematical treatment of the problems
becomes more difficult and only approximate solutions can be developed. Since the .
variational methods have to be applied for partial differential equations, or for other
cases of ordinary differential equations with variable coefficients, some of the impor-
tant principles of the variational methods related to these problems will be discussed.
One of the direct methods is developed by Ritz, another formulated by Gglerkin. The
purpose of the following discussion is to explain the restrictions of these methods.

7.1 VARIATIONAL PROBLEMS CONNECTED WITH DIFFERENTIAL EQUATIONS

Let us consider first the following ordinary differential equation.

d dy _
&[MX) -d—x] - ax)y - f(x) =0 (447)

where the coefficients p and q are the functions of the independent variable x, and
where f is also considered as a function of x only. The solution of differential equation
447 can be expressed by

y =y (448)

Let us show the equivalence of solution 448 with the solution of the minimum of the
following integral expression.

X1 2
dy 2
I = p(x) ax + qXx)y + 2f(x)_y dx (449)
X
0
where
X9 S X 5 X (450)

Let us find the solution y of integral 449, when the expression of the integral is
minimum and the curve y(x) passes through the given points (x;, yO) and (xq, y1).
Assume that y(x) is a function giving the integral I a minimum value. Let n(x) by any
continuous function that is also continuous with its derivatives, vanishing at the ends
n(Xy) =n(x;) = 0. It is assumed that the function y(x) + gn(x) satisfies the same
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boundary conditions at the ends as y(x), and that o is sufficiently small, The proper
value of & leads as close as one pleases to the function y(x). Since y(x) is designated
as the solution of the minimum integral I, for & # 0 (but small), it can be written

Iy +am) z Ky) (451)

Our interest is in the minimum value of the integral I as a function of o with the
specified value o = 0. Therefore one has

dI(y +an)

t a:o

This equation may be expressed in terms of Equation 449 as follows.

X

1
2
@ [p(y' +oz‘r]')2 + gy +an + 21y +oz11)]dx =0 (453)
-Xg o=0
where
d
= = (459

Perform the differentiation and substitute the value & = 0 into Equation 453, and one
has

X
1
d
g v +am) = 2_[ @y’ + qyn + fM)dx (455)
o=0 xO

This integral can be written by the customary symbolical notation.

01

I
(=]

(456)

d
o Iy +an)
=0

Let us express the first term of Equation 455 in a different form. For this purpose
integrate these terms by parts.

X X=X X
1 1 14
’ 4
f py'm'dx = (py'n) - f &(py')n(X)dx (487)
XO x=x0 X0

According to our basic definition the function 7(x) is zero at the points x, and X, or

nxy) = Nx) =0 (458)
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Therefore
X=X1

It

) 0 (459)
X=X0
Equation 457 can be expressed by the substitution of Equation 459 as
¥1 X
ot d,
f pymdx = -f = (PY )N dx (460)
o %o
The substitution of Equation 460 into Equations 455 and 456 yields

X1

61=—2f

ax‘-i-[p(x)y’] - qy - f}‘n(x)dx =0 (461)
X
0

The last integral expression must be equal to zero, whatever the function 7(x) satis-
fying the conditions indicated above. This condition is possible only if the function
y(x) satisfies the differential equation:

d ;
wPy)-—ay-£=0 (462)

Figure 92 illustrates the previous theory.

It can be proved according to
Reference 21, page 243, that the

integral 449 is an absolute extremum

requiring the following conditions.

¥(X) +amn(x)
\/

~

for

The satisfaction of Condition 463

of the solution y(x). (For further
X information see Reference 21, page

It is also useful to note that any
linear differential equation of the

Figure 92, Concept of Variational Integral second order is the Euler equation
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for some integral type (Equation 449). For this reason it is sufficient to show that
such an equation can always be reduced to the form of Equation 462. To show this,
consider the equation

py +ry - qy = f (464)

¢
r—
Multiply Equation 464 by ef pdx and it can be calculated easily that

4 ' '
TP 4x P & TP &
péf p y' o+ réf P = _(l[pef p y'] (465)
The form of Equation 465, after the multiplication, is
r-p' r-pax r-pdx
P dx il -4 pulid
This last equation may be written in the form of Equation 462.
dpry - qry = t* (467)
dx
where
=D
P¥(X) = p(X) * ej P
4
JSp-dx
q¥x) = qx) " e (468)
fr_‘ﬁldx
fXx) = f(x) -& P

1t is therefore proved that Equation 467 is in the form of Equation 462,
7.2 RITZ'S METHOD
One of the approximate techniques to solve differential equations is the Ritz method.

Application of the method will be shown by the solution of the previously discussed self-
adjoint differential equation.

d
Ly) = 5(®y) -ay-£=0 (469)
under the conditions that

Y(Xg) = ¥ and y(x)) =¥y (470)

164



It is also assumed that the previously stated condition is valid, as follows.
px) > 0 ax) 2 0 for X § X 5 X; (463)

The solution of the differential equation 469 is the same as the solution of the mini-
mum integral, as it was already proved previously. (For further information see
Equations 449 through 462.)

Xl 2 2
Iy) = f [(p v+ ay” + 2fy)]dx (449)
X0

For mathematical convenience, let us assume that the end conditions are homo-

geneous,

y) = y&) =0 (471)

If this is not the case, it can be contrived by introducing for y in Equation 469 a new
unknown z defined by

X L -x
y =z 43y + 520y (472)

It is now assumed that the approximate solution may be expressed in a form
N
Yo = D aPx) (473)
k=1
where the functions of ¢ (x) satisfy the prescribed boundary conditions and the value N

expresses the number of terms in the series. The substitution of Equation 473 into
Equation 449 leads to

L L
/2 2 2 2
Iy = _0/‘(pyn +qy, +2fy dx = [[p(zaksol'() + q(Tay )

+ 2f2ak(pk]dx = ZN: Ap g g + 2 ZN: By ay (474)
k,s=1 k=1
where
£ L
Ars = Ask =_O/.(P‘P1'<‘Pé +qPRpg)dx and By ={f<pkdx cees (475)
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Differentiate expression 474 with respect to ag, and one has, in two forms,

308, " f (PYp®Pg + AP + fOg) dx = 0 (476)
= _
where
s =1,2... N
or N
D (Aggay + By =0 (477)
k=1
where

s =1,2... N

In the case of free vibration problems the function £= 0 and therefore Bg= 0. In
this case the Ritz method yields to the following equation.

N
) Aggdg = 0 (478)
=1

where

Equation 478 represents a homogeneous equation system, and the nontrivial solution
of this system requires that the determinant of the system be zero.

det|Ay | =0 (479)
The unknown frequencies can be calculated from determinant 479.

The application of Ritz's method is restricted to the condition 463, which cannot be
satisfied in some problems.

7.3 GALERKIN'S METHOD

Another approximate technique has been developed by B. G. Galerkin. His method has
some advantages over Ritz's method for certain problems. Let the previously men-
tioned differential Equation 469 serve as an example. Let us integrate the first term
of Equation 476 by parts, using the fact that ¢, and y,, are equal to zero at the ends.

)3

J/ £
. d d
ﬁ)ynqosdx = [py,'1<PsT§ ‘fd_x(PYﬂ)‘Psdx = -fa;(py,'lwsdx (480)
0 0 0
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since

[p y{,tpslﬁ =0

The replacement of the first term in Eqguation 476 by expression 480 and utilizing the
brief notation of Equation 469, equation system 477 is expressed in a simple form.

j[ﬁ(py{g - qyp - f](psdx =Z]’_,(yn)(psdx -0 (481)

where

s =1,2... N

Galerkin's method can be formulated by Equation 481. The transformation of equa-
tion system 477 into Equation 481 given above shows that in application to the given
problem the methods of Ritz and Galerkin lead to one and the same approximate solu-
tion, although the method of Galerkin makes possible the simpler and more direct
setting-up of the respective system. However, the fundamental advantage of the
method of Galerkin is that in applying it, one does not use the connection between the
given boundary problem and the variational problem. It can therefore be employed in
the case of any equation of second order. It does not require the preliminary reduc-
tion of the equation to self-adjoint form, nor necessarily the satisfaction of Condition
463, either.

The previous ideas can be extended to two variables, Let us investigate the solution
of the following equation.

I{u = 0 (482)

where L is some differential operator in two variables, the solution of which satisfies
homogeneous boundary conditions. Let us assume that the approximate solution can
be expressed in the following form.

N
ux,y) = ) Ci®;(x,y) (483)
i=1

where ¢;(x,y) is a certain system of functions, chosen beforehand, satisfying the same
boundary conditions and where C; are undetermined coefficients. The functions ?;(x,)
are considered to be linearly independent and to represent the first N functions of
some system of functions that is complete in the given region. In order that u(x,y) be
an exact solution of the given equation, it is required that L(u) be identically equal to
zero; this is equivalent to the requirement of the orthogonality of Expression L(u) to
all the functions of the system P (i=1, ... N...). However, having only N constants
Cqs Cas vevs Cy satisfies only N conditions of orthogonality. Stating the problem in
terms of mathematics,
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N
f f Lltx,y) kpj(x,y) dxdy = f f L[Z CJ-<Pi(x,y)]<Pi (x,y) dxdy (484)
A A

i

where

i,j = 1,2, ..., N
which serves to determine the coefficients Ci'

It can be stated that Galerkin's technique has no connection in general with varia-
tional problems. This is therefore a perfect universally applicable method.

7.4 GALERKIN'S METHOD APPLIED FOR EIGENVALUE PROBLEMS

Let us assume the following differential equation.

d P
Ly) = d—x[p(x)y] -qy +Ay =0 (485)
with the following boundary conditions
y(0) = y(&) =0 (486)

It is also assumed that the expressionA is the function of the unknown angular
frequencies.

A= X(wn) (487)
Let us assume that the solution can be expressed as

N

Yp = Zak(pk(x) (488)
k=1

where ¢; is a complete system of functions that satisfy conditions 486. It is assumed
that instead of identical satisfaction of Equation 485 only the orthogonality of the left
side will be satisfied for functions ¢, ..., @y. This assumption leads to the following
equation,

% 4
d !
fL(yn)wjdx=f{d—§Ep(X) Ypd = 9®) ¥y +kyn}¢jdx =0 (489)
0 0

where

=12, ..., N
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The substitution of Equation 488 into Equation 489 yields

N
E(ai,j +AYy Ay = 0 (490)
i=1
where
i,j = 1,2, ., N
and

£
d ’
-y ={§d—xfp(x)¢’il - 4P, e; dx

(491)
)3
yi,j =f(Pi(dex
0
Equation system 490 can also be written in another form.
N
2.4 43 = 0 (492)
1=
where
Ay j = (0 5 +X7i,j) (493)

The system of Equation 492 is a homogeneous system of N equations in N unknowns.
It has a nontrivial solution only when the determinant of this system equals zero.

(0 3 +AY11) + « - (0 1 +AYy )

D = * =0 (494)

(al,n + Xyl,n) Tt (an,n + A‘yn,n)

The unknown frequencies can be evaluated from determinant 494 as )y, A g +++ AN.
For each A = )\m systems of equations, Equation 492 will have a nonzero solution
ai( m) , which will give us the function that corresponds to

N
Ym® = 22040
s

- It is understood that these functions are determinate only to an arbitrary constant or
accurate to a factor.
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The unknown coefficients a; can be now calculated from equation system 492.

Ay12; tAg g8 Fo.e F Ap1a, =0

1
[==]

Ay g2) + Agoly + .u. + Apgay =
(495)

|
[=]

Al,na1 + Az’na2 + ... + An,nan =

where expressions Ay N e Ap n were calculated by a specified frequency Xm =
A(w. ).
m L3

7.5 A REVIEW OF PENZES' AND BURGIN'S PAPER: "FREE VIBRATIONS OF THIN
ISOTROPIC OBLATE-SPHEROIDAL SHELLS" (REFERENCE 20)

7.5.1 SUMMARY. The theory of free vibration of thin isotropic, elastic shells has
been developed by Love., He found that the characteristic mode shapes for spherical
shells are described by associated Legendre functions.

Hoppmann discussed both free and forced vibrations of a thin elastic, orthotropic
spherical shell, which is the general case of Love's spherical-shell problem. Baker
conducted experimental studies on a spherical shell and showed the physical existence
of the two sets of frequencies that were first theoretically predicted by Lamb (Refer-
ence 13).

There exists extensive literature on free vibrations of spherical shells, but only a
few papers deal with the free vibrations of ellipsoidal shells, and numerical results
are lacking.

The problem of the free vibration of a thin isotropic, oblate spheroidal shell has
been solved by Galerkin's method. Membrane theory and harmonic axisymmetric mo-
tion have been assumed in order to derive the differential equations of motion. This
derivation leads to two ordinary differential equations with variable coefficients that
can be reduced to one ordinary second-order differential equation with variable coeffi-
cients, The resulting eigenvalue problem is solved by Galerkin's method. It is shown
that Galerkin's solution for the oblate spheroid yields the exact solution for the sphere
as the eccentricity of the oblate spheroid goes to zero. It is also shown that two sets
of frequencies exist for the oblate spheroidal shell. After the frequencies are deter-
mined, the tangential displacements are obtained as solutions of a homogeneous system
of equations.

The normal displacements were calculated based on the known tangential displace-
ments from the second equilibrium equation.
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7.5.2 EXPLANATION OF THE THEORY AND THE NUMERICAL RESULTS. Let us
assume that the deformation in a vibrating oblate, spheroidal shell is momentless; that
is, that membrane-type stresses are of major concern. Let us also assume axi-
symmetric vibrations. If we then introduce inertia forces at the surface of the shell,
the equations of motion may be written as follows (see Figure 93, Equations 105 and 110).

2

3%y
(a/d¢)(r0 Ng) - Ngrjcos® = pr, rlhat_z f1]
rgN, + ry singNg = pryr;h(d%w/3td (2]

where p is the specific mass density,

v is the tangential displacement (tangent
to meridian), positive toward north pole,
w is the normal displacement, positive
toward center, h is the shell thickness,

ry = Trg g8in ¢

2
(1-e7)a
r, = (3]
! (1-e2 cosz¢)3/z[

a
r
2
(l-e2 coszqﬁ)l/2

e is the eccentricity of an oblate spher-
oid, a is the major axis of an oblate
spheroid, and Ny, Ng equal forces per
unit length of the shell.

Figure 93. Element of Shell

The detailed calculation of Equation 3 can be seen by Equations 74, 79 and 80.
The forces expressed in terms of strain are from Equations 85 and 89.

Ny = [Eh/1 -v?)](g + veg) [4]

Ng = [En/(2 -v2)](gg + vey) (5]

where E is the modulus of elasticity and v is Poisson's ratio. The strains in terms of
displacements may be written from Equations 140 and 142

€ = (1/rL(dv/3¢) - w] €= (1/To)(v cot ¢ - W) (6]
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Substituting Equations 3 and 6 into Equations 4 and 5 for Ny, Ng and then substututing
the values of N¢, Ng into Equations 1 and 2, the equations of motion are obtained in
terms of displacements as follows.

2 3
1- x2) a- e2x2) (azv/axz) -2x(1 - xz)(l - ezxz)2
x [1+ 2) o2 2.2 2
(1 - 2x%) e“](dv/x) - (1 - e“x4){V + (1 =V) X
22

/2(1 - e%x )
1/2

- [ +v)x2 —vx¥] ez(l - e2)§v +(1 - x2)3
x (1 +v) - (v +x2) ez:\(aw/ax) -x(1 - x2) 1- ezxz)
X [4(1 - x2) - (2x2 - 3x% + 1)e?]e?w

= A1 - e2)2(1 - x2)(62v/3t2) [7]

and
S(1 - x3(1 - 2w - €2) + (1 - e2x2) 1(3v/3x)
+ x(1 - e®x)[v(1 - e2x2) + (1 - 211 - e v
- -x3Y%1 - 2 fava - e2)(1 - e2x?) + (1 - e2x2)2
+ (1 - e2)2] w=AQ-e%1- x2)1/2(62w/8t2) (8]
where
X = cos ¢ (9]
and i
A =pl1l-vYa2/E]l = (1 +v)B [10]

In solving the equations of motion (Equations 7 and 8) for a complete shell, it should
be noted that there are no physical boundary conditions. The conditions to be imposed
are that the displacements should be single-valued and bounded at every point of the
oblate spheroid including the north and south poles.

Let us assume separation of variables, and let

v(x, 1) = v (%) Tp(t) WX, bt = wpy(x) Ty(t) [11]
Assuming harmonic motion,
2
Ty/dt? = - py T, [12]
where p, is the angular frequency of the shell.
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Substituting Equations 11 and 12 into Equations 7 and 8, the two partial differential
equations were reduced to two ordinary differential equations with variable coefficients.

Equation 8 may be expressed in the following form

dvn
w, = [-a(x)Ex— + B(x) vn] /Y(X) (13]
where
@) = (1-x2 - 2221 - e?) + (1 - e23)] [14]
Bx) = x(1 -e2x2) - e [v - e2x?) + (1 - e2)] [15]
yx) = (1- 220 - e2x?)[2v (1 - e2)(1 - e2x?)
+ (1 - e2x‘?‘)2 + (1 - e2)2] - AQ1 - ez)zpn2 [16]
The substituion of w;, into Equation 7 yields an ordinary differential equation for v, as
follows.
E (x)(d2v/dx?) - Eg(x)(dv,/dx) + Eg(x) vy = 0 [17]
where
E; = (1- x2)2(1 - e2x23y2
- - x2)3/2(1 - 623 2[1 +v) - (v +x2) e2lay (18]
E, = 2x(1 - x2)(1 - e2x2)2[1 +(1 - 2x% e2]y2
-1 - x2)3/2(1 - 2221 +v) - (v + x?) e2]
x[yB-ay +oay’'] -~ x1 - x2)1/2(1 - e2x2]
x[4(1 -x% - 2x2 - 3x* + 1e2leay [19]
and
E3 = A(1- e2)2pn2(1 - xz) .),2 + (1~ x2)3/2(1 - ezxz)2

x[(1+v) - (v + x2)e21(BY-BY") - (1 - e)(1 - e2x?)
v+ (1-v)x2 - [(1 +v)x2 -vx?] e?

1
21/

- x(1-x2) Y %1 - 23401 - ) - (252 - 3x2 +1)e2] 2By (20]
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where
‘= (d/dx) [21]

The free vibration of the thin oblate spheroidal shell is reduced by Equation 17 to a
second~order differential equation with variable coefficients. Owing to the complexity
of the problem, a closed-form analytical solution does not seem to exist, Galerkin's
method was applied to solve Equation 17 as one of the most feagible methods to employ
for this problem,

The detailed explanation of Galerkin's method can be seen in Section 7.3 and 7.4.

Galerkin's Method. Equation 17 may be expressed by a linear differential operator
and the undetermined tangential displacement v,, as follows.

L(vp) = 0 (22]

The linear differential operator can be written in the form
L() = E(d%/dx?() - Eg(d/dx)() + Eg() [23]

The theory of Section 7.3 and 7.4 was applied for the present problem. The solution
was developed based on Equations 482 through 489. The solution of Equation 22 may be
expressed in the form

N

Tn® = ) 2;05(%) [24]
i=1

where the a; are undetermined coefficients and where @;(x) is a certain system of func-
tions satisfying the boundary conditions and being the first N functions of a system that
is complete within the range -1 x £1, The condition that L(V) be identically equal to
zero is equivalent to the requirement that the expression L(¥) be orthogonal to all the
functions of the system @;(x), i=1, ..., N. We chose as the system ¢,(x) the asso-
ciated Legendre functions of order 1, [Pil(x)] , since these functions represent the
exact analytical solution for the sphere.

The substitution of Equation 24 into 22 yields to the orthogonality condition of the
following N linear equations for the undetermined coefficients a;.

N +1
Z{/ L[Pil(x)] . Pil(x)dx a, = 0 (25]
i=1 (2]
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where j=1, 2, ..., N. Equation 25 can be written in another form.

N
i=1

where j=1, 2, ..., N, and

+1

Ay = [ L[Pil(x)]le(x)dx L27]

The condition for the existence of a nontrivial solution of the system of homogeneous
equations (Equation 26) represents the frequency equation for the problem, which can be
written in a determinant form,

det(Ag;) = 0 (28]

Properties of det Aij

a. Sphere. For the case of thin spherical shell e = 0, the differential operator L is
reduced to

L() = (1-x%@%/dx?() - 2xd/dn() + - (1/1 -xA1()  [20]
where

- 2 2 2
A, = [2-Bp )APS +1-v)/(1-v - Bp] (303

The determinant can then be written

(A, -2) 0 0 R
0 (Ap -6) 0 .
detlA;;] = 0 0 A-12 ... |T 0 [s1]

Equation 31 yields the exact closed-form solution for the thin spherical shell.

b. Oblate Spheroidal Shell. 1t can be easily shown that, in the expression of Aij
according to Equation 27,

1
Ay = f LIPl(x)] P/l (x) dx [32)
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the integrand is an odd function wherever i+j is odd; and in that case,

A, =0 (33]

ij

The determinant of the system of homogeneous equations (Equation 26) can be
expressed in the following form.

Ag1(Py) 0 Ag1(Pp) 0
0 A22(pn) 0 A42(pn)
0 A24(pn) 0 A44(pn) PP

Mode Shapes of Oblate Spheroidal Shell. The tangential mode shape v, can be obtained
from Equation 24 and 26. The even modes can be separated from the odd modes by
observing Equation 34. The eigenfrequencies p,, satisfying Equation 34, were found

digitally on an IBM-7094 computer.

For any particular solution p,, the undetermined coefficients a; can be determined
up to a multiplicative factor. By arbitrarily setting a;; = 1, the a;i=1, 2, ..., (n-1),
(n+1), ..., N are uniquely determined.

Numerical Example. For numerical illustration of the theory, a thin oblate-spheroidal
shell having the following properties is considered: major axis a = 60 in., minor axis
b = 43.5 in., eccentricity e = 0.68874, Poisson's ratioV = 0.28, modulus of elasticity
E = 2.8 %107 Ib/in.2, and specific density o= 7.34 X 10~4 1b-sec2/in.%4. For compari-
son, a spherical shell is also considered with radius a = 60 in.

Angular Frequencies. The frequencies of the oblate spheroidal shell are calculated
from Equations 27 and 34. The frequencies of the spherical shell are calculated from
Equations 30 and 31. Table 14 shows the results where the numbers in the appropriate
columns represent the frequencies of the oblate-spherical shell and the spherical shell.

Table 14. Angular Frequencies
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Unbounded Set pI; (rad/sec) Bounded Set pr'; (rad/sec)
Oblate Oblate
n Sphere Spheroid Spherti ) Spheroid
1 6,644.6 7,869.1 0 —
2 9,185.1 10,774.0 2403.4 2049.7
3 12,290.8 14,269.9 - -




?"'S.'-'%

Table 15, Convergence of Frequencies Table 15 shows the convergence of the
of Second Mode frequencies with increasing numbers of
terms of the second mode. Figure 94
N shows the frequencies as a function of the
Vo(x) = Z aiPil(x) eccentricity for the second mode of the
Unbounded Set i=1 unbounded set.
N p2' (rad/sec) A '

Mode Shapes. The mode shapes were

14,120 calculated from Equations 24 and 25.

2

4 11,770 2328 The coefficients a; are tabulated in Table

6 11,070 230 16 for the unbounded set. Figure 95 shows

8 10,840 60 the tangential and normal mode shapes of
10 10,780 6 the unbounded set for mode numbers
12 10,774 n=1,2,3.
14 -

11,000

10,600

10, 200

9,800

9,400

ANGULAR FREQUENCY (RAD/SEC)

9,000 _ 1 L 1 1 1 1 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
ECCENTRICITY
Figure 94. Second Mode, Unbounded Set. 8 Terms Approximation
N
Table 16. a; of Unbounded Set v, = 2 aiPil(x)
i=1
x 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1.00 0 1.1494 0 9.7168 [1] -~1.3053 0 —1.5699 V] —9.0184 0 —5.1082 (] —7.4458
X101 X107 X103 X107 x10~¢ X104 X108
2 0 1.00 0 2.2436 0 3.7382 1] 4.5001 0 —4.7106 1] —5.1497 0
10! X101 X107 X10-¢ %10~
3 —~8.8844 0 1,00 0 3.2821 (1] 7.9366 0 1.1622 0 2.3651 [\] 1.35186 0
X101 X107 x10™1 X100t X101 X10-¢
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AMPLITUDE

0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
¢ RADIANS
Figure 95. Mode Shapes of Unbounded Set, ---: Vq, W
——— Vz, WZ' —_—1 V3, W3

7.5.83 CONCLUSIONS. For the free vibration of thin isotropic, oblate spheroid
shells Galerkin's method was employed, which involves a series that converges rapidly
for small eccentricities; the convergence is also satisfactory for larger eccentricities.
The existence of two sets of frequencies (bounded and unbounded) for a complete shell
has also been shown.
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8/A LIST OF AVAILABLE COMPUTER PROGRAMS

The following list includes the available computer programs, which are related to
several of the references discussed previously.

1.

Reference 14, Digital Program to Calculate Orthotropic Cylindrical Shell
Frequencies, Convair Memorandum CD-67-033-SPS, 30 March 1967.

Reference 15, Natural Frequencies of Modal Characteristics of Thin Vibrating
Circular Cylinders, Program No, 3603, Convair Memorandum CCD-Prop-022.

Reference 20, Oblate Spheroidal Shell, Frequencies, Program No. 3737A, and
Oblate Spheroidal Shell Mode Shapes, Program No, 3737B,
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10.

11.

12,

13.

14.

15.
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